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Abstract

We explore the eigenvalues of the Laplacian subject to the Robin boundary condition.
We examine specific instances in which the eigenfunctions can be explicitly found. We seek
domains which extremise the first eigenvalue among certain classes of domain. We develop
spectral theory in Hilbert spaces and apply it elliptic operators on Sobolev spaces. We then
collect some properties of the eigenvalues and eigenfunctions, such as their monotonicity prop-
erties and nodal geometry. Lastly we apply everything to the more ambitious goal of finding
extremisers of the first two eigenvalues among domains of a fixed volume.
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1 Prolegomenon

In Book I of the Aeneid, Virgil describes the flight of Dido from Phoenicia due to the murder of her
husband by her brother, Pygmalion. She arrives in North Africa and supplicates a local leader to
allow her as much land as “one ox-hide encircles”. With her request granted, she cuts an ox-hide
into thin strips and uses it to establish the city of Carthage [33], as shown in Figure 1. While
Virgil does not specify the exact shape of Carthage, Dido must surely have asked herself which
shape of a fixed perimeter has the maximal area. While it was conjectured even in Dido’s era that
the circle was the optimal shape, it was only in the 19th century that this was proven by Steiner
using the method of symmetrisation. This result extends to higher dimensions and is known as
the isoperimetric inequality [2]. Problems such as Dido’s inspire the field of shape optimisation
and we will often ask the question ‘subject to some constraint, which shape extremises a certain
functional?’. We will see cases where the extremisation is global, local, or even where no extremiser
exists.

Figure 1: Dido founding Carthage (left) [2], a sketch of the optimal solution (right) [33].

1.1 The Wave Equation

We consider a connected domain (a bounded, open subset) in R, namely an interval of the form
(a, b). A string spans this interval, lying flat at equilibrium, and is allowed to oscillate in a vertical
plane. It is disturbed in some way, either by being struck (given some velocity), being deformed
(given some displacement) or a combination of the two. There is a restoring force which acts to
return the string to its initial configuration which is proportional to the curvature at each point
[13]. Let us denote the height of the string relative to its equilibrium position by ϕ(x, t). Then
the restoring force is equal to the local curvature of the string, multiplied by the tension τ in the
string, which we assume to be constant. Newton’s second law tells us that this force is equal to
the density ρ of the string, again assumed to be constant, multiplied by the acceleration. Equating
these terms and defining c2 = τ/ρ gives the one-dimensional wave equation:

∂2ϕ

∂t2
= c2

∂2ϕ

∂x2
. (1.1)

How do we interpret the value c2? Dimensional analysis tells us:[
∂2ϕ

∂t2

]
=
L

t2
=
[
c2
] [∂2ϕ
∂x2

]
= [c]

2 L

L2
.

Hence c has units L
t so is a speed, the speed of propagation of our wave.

We’d like to extend this idea to regions in higher dimensions. We’ll begin by considering a
membrane covering a domain Ω ⊂ R2. The height of the membrane relative to its undisturbed
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height is ϕ(x, y, t). To replicate the above procedure we would like a local measure of the curvature
of the displacement height. It turns out that the Laplacian,

∇2ϕ :=
∂2ϕ

∂x2
+
∂2ϕ

∂y2
,

has all of the properties we desire. It is linear, invariant under translations and rotations of
our coordinates, symmetric in x and y, and we recover the one-dimensional wave equation when
uyy = 0. This leads to the two-dimensional wave equation:

∂2ϕ

∂t2
= c2∇2ϕ. (1.2)

We can extend the wave equation to any dimension by defining the N−dimensional Laplacian:

Definition 1.1. The Laplacian is the linear differential operator mapping C2(Ω) → C(Ω) for some

open, bounded domain Ω ⊂ RN , expressed in Cartesian coordinates by

∇2 =

N∑
i=1

∂2

∂x2i
.

The Laplacian can be rewritten in other coordinate systems as necessary.
We would like to solve equation (1.2) on a domain Ω ⊂ RN using the separation of variables.

We begin by assuming that a solution takes the form ϕ(x, t) = u(x)T (t). Substituting this into
(1.2) gives:

T ′′(t)u(x) = c2T (t)∇2u(x).

Then dividing by c2T (t)u(x) gives:
T ′′

c2T
=

∇2u

u
.

Using the fact that the left-hand side is a function of t only and the right-hand side is a function
of x only, both terms must be equal to a constant, say −λ. We can hence separate into a pair of
equations:

T ′′ = −c2λT, (1.3)

−∇2u = λu. (1.4)

While equation (1.3) is easily solved given initial data, equation (1.4), known as the Helmholtz
equation, is far more intricate and will occupy our attention herein. The solutions depend on both
the domain Ω and the prescribed boundary conditions. We will explore the interplay between the
possible values of λ and the domain and boundary conditions.

How do we interpret λ? Dimensional analysis of the wave equation reveals that
√
λ has units of

frequency and so the values of λ correspond to the pure frequencies which can exist on a drumhead
of shape Ω.

Looking at the method of separation of variables we can see that any partial differential equation
of the form

∇2ϕ(x, t) = F (ϕt, ϕtt, . . . )

will separate into an ordinary differential equation for time and the spatial component will satisfy
the Helmholtz equation. Other than the wave equation, another example of a well-studied equation
which takes this form is the heat equation. If ϕ : Ω × [0,∞) → R describes the heat distribution
in a domain Ω ⊂ RN then ϕ obeys the heat equation:

∂ϕ

∂t
= k∇2ϕ. (1.5)

Here k is a parameter encoding the thermal diffusivity of the medium, which we will assume to be
constant. Being able to interpret the solutions to equation (1.4) as the spatial parts of solutions
to either the heat equation or the wave equation will turn out to be fruitful in providing physical
intuition.
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1.2 Boundary Conditions

For equation (1.4) to be well-posed on Ω (a bounded, open subset of RN ), we must prescribe
boundary conditions on the boundary of Ω, denoted ∂Ω. Below ∂u

∂ν = ∇u · ν is the normal
derivative to the boundary ∂Ω and ν is the outward pointing unit normal vector. For this to
be defined almost everywhere we must consider domains whose boundaries are locally expressible
as Lipschitz functions, referred to as Lipschitz domains. We introduce three common types of
boundary condition:

1. Dirichlet: u = 0 on ∂Ω,

2. Neumann: ∂u
∂ν = 0 on ∂Ω,

3. Robin: ∂u
∂ν + αu = 0 on ∂Ω, α ∈ R.

Each condition has physical interpretations for both the wave and heat equations.

1. The Dirichlet condition is ‘fixed’: either the membrane is clamped along its boundary or it
is held at a fixed temperature.

2. The Neumann condition on the other hand is ‘free’, allowing the membrane to vary at the
boundary provided it remains ‘flat’ at each point. In the heat case the boundary is insulated:
the temperature at the boundary can vary but no heat can flow in or out of it.

3. The Robin condition is a linear combination of the Dirichlet and Neumann ones and we see
that we recover the Dirichlet condition in the limit α→ ∞ (provided the normal derivative is
bounded) and the Neumann condition in the limit α→ 0. This tells us the Robin condition
is a linear interpolation between the two extreme cases and so α > 0 represents an elastically
supported or partially insulated boundary.

The case α < 0 is more difficult to interpret physically as α represents the spring constant of
the elastic support. Examining the heat case sheds some light on this [38]. Newton’s law of
cooling states that the heat flux from an object to its surroundings is proportional to the difference
in temperatures between the two. Fourier’s law in one dimension states that the heat flux is
proportional to the spatial derivative of the temperature. Thus at the right end point of a rod
spanning [0, l] held in a reservoir of constant temperature Q,

∂T

∂x
(l, t) = −α(T (l, t)−Q),

for α > 0. Intuitively, if Q < T (l, t) Then heat flows out of the rod so the right-hand side should
be positive. As α → ∞, the boundary radiates more of its heat to the surroundings, eventually
losing all heat and recovering the Dirichlet condition. Rearranging gives

∂T

∂x
(l, t) + αT (l, t) = αQ,

The Robin condition in one-dimension. Therefore we can interpret the negative α case as referring
to an absorbing boundary condition, where heat is flowing into the boundary.

In full generality we can take α to be a function, however we will fix it to be a constant herein
and the object of our study will be the Robin problem.

Definition 1.2. The Robin Problem on Ω ⊂ RN is the system{
−∇2u = λu in Ω,
∂u
∂ν + αu = 0 on ∂Ω.

(1.6)

and the Robin Laplacian is the Laplacian operator with the domain of functions satisfying the
Robin condition. Later we will define the domain more precisely.

3



1.3 Notation

Let us establish the notation which we will be using.

• All problems will be in RN , with N being the dimension of the ambient space.

• Specifically we will consider bounded, open subsets of RN , Ω, referred to as domains.

• Later we will see that the eigenvalues of the Robin problem form a countable set. Thus we
can order them in increasing size and use λαn(Ω) to denote the n-th eigenvalue of the Robin
Laplacian on the domain Ω with boundary parameter α, counted with multiplicity.

• In cases where we consider α to be fixed we might omit the dependence on α. Similarly we
might omit Ω when the domain is fixed. When considering a general eigenvalue we might
even drop the n.

• We will write µn(Ω) and ηn(Ω) for the n-th Dirchlet and Neumann eigenvalues respectively,
on the domain Ω.

• The normal vector field to the boundary ∂Ω of Ω is ν and ∂u
∂ν := ∇u · ν.

• We will denote by Br(x) the ball of radius r centred at x.

• The distance between a set X ⊂ RN and a point x0 ∈ RN is d(x0, X) = infx∈X |x − x0|,
where | · | is the standard Euclidean distance.

• When evaluated on a set, | · | refers to both the N dimensional Lebesgue measure and the
N − 1 dimensional Hausdorff measure. The surface integration measure is dσ.

• This shouldn’t be confused the with the notation we will use for a spectrum, σ(T ).

• Calligraphic letters will denote the domain, D(f), of a function f , the kernel N = {x ∈
D(f) : f(x) = 0}, and the range R(f) = {f(x) : x ∈ D(f)}.

• The support of a function, sppt(f) = {x ∈ D(f) : f(x) ̸= 0}, is the subset of its domain on
which the function is non-vanishing.

Moving forward, we would first like to begin by exploring some specific scenarios in which the
Laplacian eigenfunctions and eigenvalues can be explicitly calculated. In doing so we will collect
some results on shape optimisation, specifically seeking domains extremising the first eigenvalue.
After considering concrete examples which are highly symmetric, in Section 3 we broaden our view
to the eigenvalues of general operators on Hilbert spaces. We then define the ‘correct’ Hilbert
space to explore the eigenvalue problem, Sobolev spaces, and apply our Hilbert space theory. In
Section 4 we use our results to see what information we can glean about the eigenvalues and
eigenfunctions, exploring a variational characterisation, the monotonicity of the eigenvalues with
respect to both the domain and the boundary parameter and the sets on which the eigenfunctions
vanish. We conclude this section by collecting some results concerning the regularity and extrema
of the eigenfunctions. With these results in hand we finally investigate the much broader question
of the minimisation of the first two eigenvalues among domains of fixed volume and examine the
proofs in depth.

In Chapter 4 of [15], which provides a survey of results pertaining to the Robin problem, the
author writes

‘A single comprehensive, elementary treatment seems to be lacking in the standard
literature.’

This report aims to fill that gap.

4



2 The Eigenvalue Problem on Symmetric Domains

The class of domains on which eigenfunctions can be explicitly calculated is remarkably small,
each exhibiting a high degree of symmetry: it includes boxes, balls, tori and, lesser known, the
equilateral triangle. Although I don’t wish to provide exposition on the well-studied Dirichlet and
Neumann problems, time and time again we will return to them for comparison to see the ways in
which the Robin problem resists analogous analysis.

2.1 The Interval

The example of the Dirichlet and Neumann problems on arguably the simplest non-trivial domains,
the interval and the box, are illustrative, adapted from the example given in [26]. The Dirichlet
problem on the interval I(t) = (−t, t) is given by{

−v′′(x) = µv(x), x ∈ I(t)

v(−t) = v(t) = 0.

It’s not difficult to show that the eigenfuctions are given by

vn(x) = sin(
nπ

2t
(x− t)),

with corresponding eigenvalue µn = n2π2

4t2 for n ∈ N.
The Neumann problem is given by{

−w′′(x) = ηw(x), x ∈ I(t)

w′(−t) = w′(t) = 0,

now with eigenfunctions

wn = cos(
nπ

2t
(x− t))

and corresponding eigenvalues ηn = n2π2

4t2 . It is important to note that now the index n ∈ N ∪ {0}
as the function w0 = 1 is a permissible eigenfunction with eigenvalue 0, whereas v0 = 0 is not an
eigenfunction. We accordingly label the first Neumann eigenvalue by η0 = 0. In both cases the
eigenvalues form a sequence bounded from below and tending to infinity.

We now turn our attention to the Robin problem on the interval I(t), following the work of
Laugesen [25]: {

−u′′(x) = λαu(x), x ∈ I(t)

−u′(−t) + αu(−t) = u′(t) + αu′(t) = 0.
(2.1)

Note the difference in sign on the u′(−t) due to the ‘normal vector’ being −1 at the left endpoint.
If a function u is even or odd and satisfies the Robin boundary condition at the right end point
then it automatically satisfies it at the left endpoint. For example if u is even, u(−x) = u(x) ⇒
u′(−x) = −u′(x) and

u′(t) + αu(t) = 0 ⇒ −u′(−t) + αu(−t) = u′(t) + αu′(t) = 0.

Thus we can consider odd and even solutions to (2.1) separately. We also separately consider the
cases when λα1 is positive, negative or zero.

λα1 > 0: Write λα1 = ω2. Then u′′ = −ω2u has even solution u = cos(ωx). The boundary
condition at the right end point implies

−ω sin(ωt) + α cos(ωt) = 0 ⇒ ω tan(ωt) = α. (2.2)

λα1 < 0: Write λα1 = −γ2. Then u′′ = γ2u has even solution u = cosh(γx). The boundary
condition implies

γ sinh(γt) + α cosh(γt) = 0 ⇒ γ tanh(γt) = −α. (2.3)
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Notice that γ tanh(γt) ≥ 0 so this has solutions for γ only when α < 0. We will see this result in
greater generality later. While equations (2.2) and (2.3) can’t be solved analytically, their solutions
are visualised in Figure 2.

λα1 = 0: (2.1) has odd solution x and even solution 1. The even solution leads to α = 0,
reiterating the fact that the constant function is an eigenfunction of the Neumann Laplacian. The
odd solution implies that 1+αt = 0. We will not explore this case as we are interested in problems
that involve fixing α and varying t.

Figure 2: Solutions for ω and γ when t = 1 and α = −1.

Remark 2.1. It is remarkable that there is a negative eigenvalue when α < 0. For the interval (and
in all cases as we will see later) both Dirichlet and Neumann eigenvalues are always non-negative.
How do we interpret this negative eigenvalue? Returning to the heat case for a physical interpre-
tation when α < 0, we recall that the general solution to the heat equation for the temperature
along a rod I(t) is

T (x, t) =

∞∑
n=1

Ane
−λnctun(x),

where (un, λn) are eigenpairs of the Laplacian [38]. When all eigenvalues are positive we see that
the temperature decays exponentially in time, as physically intuitive. But if α < 0 then our first
eigenvalue is negative so the first term is exponentially increasing, meaning the temperature is
unbounded everywhere. This agrees with the understanding that a negative boundary parameter
embodies an absorbing, rather than radiating, boundary.

We can write our solutions to (2.2) and (2.3) more elegantly using the following definition:

Definition 2.1. Define the functions

g1 : [0, π/2) → [0,∞) h1 : [0,∞) → [0,∞)

: x 7→ x tan(x), : x 7→ x tanh(x).

G1 : (0,∞) → (0, π/2) H1 : (0,∞) → (0,∞)

: y 7→ g−1
1 (y)

y
, : y 7→ h−1

1 (y)

y
.

The utility of this definition is the following expression for the eigenvalues.

Lemma 2.1. The first Robin eigenvalue on the interval I(t) with boundary parameter α is given
by

λα1 (I(t)) =


α2G1(αt)

2 α > 0,

0 α = −1/t,

−α2H1(−αt)2 α < 0.
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Proof. This is merely a rewriting of the results (2.2) and (2.3). If α < 0 then λα1 = −γ2 and (2.3)
has a solution so this must be the minimal eigenvalue so we can write:

γt tanh(γt) = −αt⇒ h1(γt) = −αt⇒ γ = α
h−1
1 (−αt)
αt

= αH1(−αt).

Similarly, in the positive α case λα1 = ω2 so we rewrite (2.2):

ωt tan(ωt) = αt = g1(ωt) ⇒ g−1
1 (αt) = ωt⇒ ω = α

g−1
1 (αt)

αt
= αG1(αt).

We can find eigenvalues corresponding to the odd eigenfunctions but after establishing the necessary
inequalities (Lemma 5.1 and Lemma 5.2 of [25]), we see that the ‘even eigenvalues’ are the minimal
ones.

We now establish some properties of the functions G1 and H1 to shed light on how the first
eigenvalue depends on the domain half length and boundary parameter. The functions are plotted
in Figure 3.

Figure 3: The functions G1(x) (green) and H1(x) (blue).

Lemma 2.2. The functions g1 and h1 and their inverses are increasing.

Proof. On the appropriate intervals tan and tanh are increasing and the products of increasing
functions are also increasing. An invertible, increasing function has an increasing inverse by the
Inverse Function Theorem.

Lemma 2.3. The first eigenvalue is a strictly increasing function of α.

We will later see that this holds in general.

Proof. This follows from the monotonicity results in Lemma 2.2.

λα1 = α2G1(αt)
2 = g−1

1 (αt)2/t2

is increasing in α. Also h−1
1 is increasing so h−1

1 (−αt) is positive and decreasing in α so h−1
1 (−αt)2

is too and lastly
−h−1

1 (−αt)2/t2 = −α2H1(−αt)2

is increasing in α.

Lemma 2.4. The first eigenvalue is a strictly decreasing function of the interval half length, t.
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If t1 ≤ t2 then I(t1) ⊂ I(t2) and this lemma tells us that λ1(I(t2) ≤ λ1(I(t1)). This can be
interpreted as a domain monotonicity result in one dimension, which we will see doesn’t hold in
higher dimensions.

Proof. In order to establish the increasing/decreasing nature of G1 and H1, we use the fact that if

y = f(x) and F (y) = f−1(y)
y then

d

dy
F (y) =

d

dy

f−1(y)

y
=
dx

dy

d

dx

x

f(x)
=

1

f ′(x)

(
x

f(x)

)′

.

The primes in the final expression represent derivatives with respect to x. Now turning to our
functions G1 and H1: (

x

g1(x)

)′

= cot(x)′ = − csc(x)2, (2.4)(
x

h1(x)

)′

= coth(x)′ = −csch(x)2. (2.5)

Thus both G1 and H1 are decreasing maps, from which the map t 7→ λα1 (I(t)) inherits decreasing
monotonicity for α both positive and negative.

The functions G1 and H1 are decreasing, but what about their asymptotic behaviour around
zero? Loosely speaking, as t → 0+, tan(t) = t + O(t2) ⇒ t tan(t) = t2 + O(t3) so the inverse
function g−1

1 (t) =
√
t+O(t) and G1(t) = t−1/2 +O(1) which is unbounded as t → 0+. The same

asymptotic expansion holds for H1. Therefore Equation (23) in [25] states that

Lemma 2.5.
lim
t→0+

G1(t) = lim
t→0+

H1(t) = ∞.

A crucial idea we will need later to prove that something is a global minimum is that of
convexity.

Definition 2.2. A set X ⊂ RN is convex if for all x, y ∈ X and τ ∈ [0, 1],

τx+ (1− τ)y ∈ X.

Intuitively this means that for any two points in our set, the entirety of the line segment joining
them must lie in the set too. For example, a disc is convex while an annulus is not.

Remark 2.2. Vector spaces are convex due to their closure under scalar multiplication and addi-
tion.

Definition 2.3. A function f : X ⊂ RN → R is strictly convex on X if for all x, y ∈ X and all
τ ∈ (0, 1),

f(τx+ (1− τ)y) < τf(x) + (1− τ)f(y).

Remark 2.3. The restriction of a strictly convex function to a convex subset K ⊂ X is strictly
convex. We require the subset to be convex as, denoting the restriction f |K and letting x, y ∈ K,
f |K(τx+ (1− τ)y) is only defined when τx+ (1− τ)y ∈ K i.e., when K is convex.

It is well known that a twice differentiable function mapping R → R with strictly positive
second derivative is strictly convex.

Lemma 2.6. The functions H1(y) and G1(y) are convex with respect to log(y). That is,

d2

dz2
G1(e

z) > 0,
d2

dz2
H1(e

z) > 0.

Proof. The proof is simply a calculation of derivatives followed by establishing various trigonomet-
ric inequalities, the details of which are included in Lemma IV.8 of [25].
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2.2 The Box

Definition 2.4. The box in RN is the Cartesian product of N ∈ N intervals,

B(t) := I(t1)× · · · × I(tN ) for t ∈ RN .

A cube is a box with all edge lengths being equal, in any dimension.

We’ll explore the Dirichlet and Neumann problem on the rectangle I(t1) × I(t2) but the idea
generalises easily to arbitrary dimensions. A separation of variables argument with u(x, y) =
X(x)Y (y) reduces the problem to two copies of the Dirichlet/Neumann problem on each of the
intervals I(t1) and I(t2) and so our eigenvalues are given by

ηm,n = µm,n =
m2π2

4t21
+
n2π2

4t22
.

Again, the index set for µm,n is (m,n) ∈ N× N and as such the first Dirichlet eigenvalue is

π2

4t21
+
π2

4t22
,

whereas the index set for ηm,n is m,n ∈ N ∪ {0} so the first (non-trivial) Neumann eigenvalue is

min

{
π2

4t21
,
π2

4t22

}
.

Let’s first examine the principal Dirichlet eigenvalue. Among rectangles of a fixed area (WLOG
t1t2 = 1), the principal eigenvalue can be made arbitrarily large by taking one of the edge lengths
to be sufficiently small. On the other hand the eigenvalue is minimised when, setting t2 = 1

t1
,

d

dt1

(
π2

4t21
+
π2

4
t21

)
= −2

π2

4t31
+ 2

π2

2
t1 = 0 ⇒ t41 = 1 ⇒ t1 = t2 = 1.

A second derivative test verifies that this is a minimum. Therefore the first Dirichlet eigenvalue
is minimised by the square among rectangles of a fixed area. What about the principal Neumann
eigenvalue? The area constraint is t1t2 = 1 and without loss of generality we can take t1 ≥ 1.
However,

min

{
π2

4t21
,
π2

4
t21

}
does not exist for finite t1 as we can make the first term arbitrarily small by taking t1 to be suitably
large. The more interesting question concerns maximising the principal Neumann eigenvalue. But
the minimum of two objects is maximised when the objects are equal, that is when

π2

4t21
=
π2

4
t21 ⇒ t1 = t2 = 1.

From now on our exploration will chiefly concern the Robin problem, with the Dirichlet and
Neumann problems providing idealised comparisons.

Remark 2.4. Due to the fact that we can write an eigenfunction on the box B(t) as a product of
eigenfunctions on each interval I(ti),

λα1 (B(t)) =

N∑
i=1

λα1 (I(ti)).

9



Lemma 2.7. The first eigenvalue on the box B(t) is given by:

λα1 (B(t)) =


α2
(
G1(αt1)

2 + · · ·+G1(αtN )2
)
, α > 0,

−α2
(
H1(−αt1)2 + · · ·+H1(−αtN )2

)
, α < 0.

Proof. This follows by combining Lemma 2.1 and Remark 2.4.

Lemma 2.8. For a box of fixed volume, the degenerate box (i.e., having at least one vanishing
edge length)

1. minimises λ1 for α < 0,

2. maximises λ1 for α > 0.

Proof. This is a direct consequence of Lemma 2.5.

Lemma 2.9. If f1, . . . , fN are strictly convex functions on R then

|(f1(z1), . . . , fN (zN ))|

is a strictly convex function of z = (z1, . . . , zN ) ∈ RN

Proof. Let z, w ∈ RN be any two vectors and τ ∈ (0, 1) parametrise the line joining them. Then:

|(f1((1− τ)w1 + τz1), . . . , fN ((1− τ)wN + τzN )|
< |((1− τ)f1(w1) + τf1(z1), . . . , (1− τ)fN (wN ) + τfN (zN ))|
≤ (1− τ)|(f1(w1), . . . , fN (wN ))|+ τ |((f1(z1), . . . , fN (zN ))|,

where the first inequality uses the strict convexity of the fi and the second is the triangle inequality.

Lemma 2.10. Provided the global minimum of a strictly convex function f : RN → R exists, it
can be attained by at most one point [5].

Proof. Suppose f is strictly convex i.e., for all x, y ∈ RN and all τ ∈ (0, 1),

f(τx+ (1− τ)y) < τx+ (1− τ)y.

Suppose further that f has two local minima, x1 and x2 and without loss of generality f(x1) ≤
f(x2). Then

f(τx1 + (1− τ)x2) < τf(x1) + (1− τ)f(x2) ≤ τf(x2) + (1− τ)f(x2) = f(x2).

But this contradicts the fact that x2 is a minimum since any neighbourhood of x2 contains a point
τx1 + (1− τ)x2 when τ is sufficiently small.

Corollary 2.10.1. Any local minimum of a strictly convex function is a global minimum.

With all the necessary framework in place, we are ready to prove that the cube extremises the
first Robin eigenvalue, Theorem III.3 in Laugesen [25].

Theorem 2.11 (Laugesen, 2019). Among all boxes of a fixed volume,

1. The cube minimises λα1 (B(t)) for α > 0,

2. The cube maximises λα1 (B(t)) for α < 0.

10



Proof. We can embed the space of boxes in RN by representing the box B(t) that has dimensions
2t1, . . . , 2tN with the point t ∈ RN . Since each ti > 0 we can write ez := (ez1 , . . . , ezN ) =
(t1, . . . , tN ). Then a box B(ez) with volume V > 0 satisfies

V =

N∏
i=1

2ezi = 2N exp(z1 + · · ·+ zN ) ⇒
N∑
i=1

zi = log(2−NV ).

In our embedding in RN , the space of boxes of a fixed volume is represented by anN−1 dimensional
subspace orthogonal to (1, 1, . . . , 1), called Π := {z ∈ RN : z1+ · · · ,+zN = log(2−NV )} and cubes
are represented by the line spanned by (1, 1, . . . , 1). Let α > 0. We first prove that

√
λα1 (B(ez)) is

a strictly convex function of z ∈ RN . By Lemma 2.7,√
λα1 (B(ez)) = α |(G1(αe

z1), . . . , G1(αe
zN )| .

By Lemma 2.6, G1(αe
zj ) is a convex function of zj for j = 1, . . . , N and Lemma 2.9 gives the

desired result. By Remark 2.2, Π is convex and by Remark 2.3 the function f(z) =
√
λ1(B(ez), α)

is strictly convex when restricted to Π. We want to show that f has a strict global minimum at
the cube. Thanks to the strict convexity we can simply show that the gradient of f restricted to
Π vanishes at the intersection point of Π with the line spanned by (1, 1, · · · , 1). Then by Corollary
2.10.1, this must be the global minimum. This happens if ∇f is orthogonal to Π so is parallel
to (1, 1, . . . , 1). We can visualise this easily in 2 dimensions: a function has a stationary point
when restricted to the line x + y = 1 if the gradient is parallel to (1, 1) at the point (1/2, 1/2).
But ∇f must be parallel to (1, 1, . . . , 1) at the interection of Π with span{(1, 1, . . . , 1)} due to the
invariance of f(z1, . . . , zN ) under permutation of the zis. The case α < 0 follows analogously.

2.3 The Equilateral Triangle

The eigenvalue problem on the triangle was first investigated by Lamé in 1833 when investigating
the cooling of a triangular prism [23]. In doing so he found the spectrum of the Laplacian on
an equilateral triangle, but provided no proof for his results. It was McCartin who made Lamé’s
results rigorous using more elementary methods. Below we follow the work of McCartin, beginning
by introducing a triangular coordinate system. [31].

Figure 4: Triangular Coordinate System [31]

We can view the Cartesian coordinates of a point in RN as measuring the distance from the
origin to the projections of the point onto each of the axes, where we must pick a positive and
negative direction. In a similar manner, we measure the distance from the centre of the triangle’s
incircle to the projection of a point onto each of the triangle’s altitudes, measured positively
towards an edge and negatively towards a vertex. If the triangle has edge length h then the radius
of an inscribed circle, the inradius, is r = h

2
√
3
. As the altitudes have length 3r and the centre is

11



the intersection of the concurrent altitudes, the centre has coordinates (0, 0, 0). Thus each edge
corresponds to one of the coordinates being r. For each vertex, two of the coordinates are r as it
is the intersection of 2 edges, while the other coordinate is −2r. The explicit expressions for the
coordinates are given by

u = r − y, (2.6)

v =

√
3

2

(
x− h

2

)
− 1

2
(r − y), (2.7)

w =

√
3

2

(
h

2
− x

)
− 1

2
(r − y). (2.8)

It is helpful to observe that
u+ v + w = 0.

To rewrite the Laplacian in triangular coordinates we notice that

∂2

∂y2
=

∂2

∂u2

and

v − w =
√
3

(
x− h

2

)
⇒ ∂2

∂x2
= 3

∂2

∂(v − w)2

so that

∇2 =
∂2

∂u2
+ 3

∂2

∂(v − w)2
.

Then in seeking an eigenfunction we propose a separable ansatz, f(u)g(v − w). That this is an
eigenfunction implies

−f ′′g − 3fg′′ = λfg

and dividing by fg and using the standard separation of variables argument gives{
f ′′ + ζ2f = 0,

g′′ + β2g = 0,

subject to
ζ2 + 3β2 = λ.

Thus f and g are trigonometric, or potentially hyperbolic if λ < 0. We next decompose U =
f(u)g(v − w) into symmetric and antisymmetric parts about the vertical altitude v − w = 0,

Us(u, v, w) =
U(u, v, w) + U(u,w, v)

2
, Ua(u, v, w) =

U(u, v, w)− U(u,w, v)

2
.

Let us take a brief interlude into the Neumann problem to provide a little inspiration for the form
our eigenfunctions might take. The Dirichlet problem would serve just as well for this purpose.
The symmetric Neumann eigenfunction, Ts, must satisfy ∂Ts

∂u = 0 at the points u = r and u = −r
so is given by

Ts = cos(
πl

3r
(u+ 2r)) cos(β(v − w))

where l ∈ Z and π2l2

9r2 + 3β2 = λ. It was shown by McCartin in [27] for the Dirichlet case and in
[28] for the Neumann case that one such term cannot satisfy the boundary condition and neither
can a sum of two terms of this kind. However, a sum of three terms of this kind can. Hence we
introduce a potential eigenfunction of the form

Ts =

3∑
i=1

cos(
πli
3r

(u+ 2r)) cos(βi(v − w))

12



where li ∈ Z and
π2l2i
9r2

+ 3β2
i = λ (2.9)

for i = 1, 2, 3. By construction this satisfies the Neumann boundary condition on u = r. What
does the Neumann boundary condition look like on v = r? We need not consider the edge w = r
thanks to the symmetry of our solution about v = w. We switch briefly to a coordinate system
(σ, τ) = (w−u,w+u) along the line v = r. On this line v−w = r−w = r+u+ v = u+2r, using
u + v + w = 0. Then the normal vector to the edge v = r is parallel to the altitude described by
u = w meaning in (σ, τ) coordinates the unit normal is (0, 1). Hence

∇Ts · ν|v=r =
∂Ts
∂τ

∣∣∣∣
v=r

= 0

is our Neumann condition on v = r. Our three term ansatz for Ts yields:

∂Ts
∂(w + u)

∣∣∣∣
v=r

=

3∑
i=1

{(
3

4
βi −

πli
12r

)
sin

[(
πli
3r

+ βi

)
(u+ 2r)

]

+

(
3

4
βi +

πli
12r

)
sin

[(
−πli

3r
+ βi

)
(u+ 2r)

]}
A strategic choice of li and βi causes the above expression to vanish:

πl1
3r

+ β1 = −πl3
3r

+ β3, (2.10a)

πl1
3r

− β1 = −πl2
3r

− β2, (2.10b)

πl2
3r

− β2 = −πl3
3r

− β3. (2.10c)

Adding these three equations together we get the crucial relation:

l1 + l2 + l3 = 0. (2.11)

Then adding equations (2.10a) and (2.10c) and using (2.11) in the second step gives:

β1 − β2 = −2πl3
3r

− πl1
3r

− πl2
3r

=
π

3r
(l1 + l2). (2.12)

Then subtracting the the i = 2 instance of equation (2.9) from the i = 1 equation gives:

3β2
1 − 3β2

2 =
π2

9r2
(l22 − l21) ⇒ (β1 − β2)(β1 + β2) =

π2

27r2
(l2 − l1)(l2 + l1). (2.13)

Comparing equations (2.12) and (2.13) we conclude that

β1 + β2 =
π

9r
(l2 − l1). (2.14)

Adding equations (2.12) and (2.14) gives

2β1 =
π

9r
(3l1 + 3l2 + l2 − l1) =

π

9r
(4l2 + 2l1) =

π

9r
(2(−l3 − l1) + 2l2 + 2l1)

=
2π

9r
(l2 − l3).

We can go through the same motions again and conclude that

β1 =
π(l2 − l3)

9r
, β2 =

π(l3 − l1)

9r
, β3 =

π(l1 − l2)

9r
.
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Having applied the Neumann condition to constrain the parameters βi and li, the symmetric
eigenfunction becomes

T l2,l3
s = cos

(
πl1
3r

(u+ 2r)

)
cos

(
π(l2 − l3)

9r
(v − w)

)
+ cos

(
πl2
3r

(u+ 2r)

)
cos

(
π(l3 − l1)

9r
(v − w)

)
+ cos

(
πl3
3r

(u+ 2r)

)
cos

(
π(l1 − l2)

9r
(v − w)

)
.

This bears remarkable resemblance to our computation on the box: despite the fact that we
gave ourselves 3 degrees of freedom to begin with (l1, l2, and l3) we end up with a family of
eigenfunctions being the sum of products of 2 trigonometric functions indexed by 2 integers. We
can also compute the eigenvalues which are given by

2

27

(π
r

)2
(l21 + l22 + l23) =

2

27

(π
r

)2
((−l2 − l3)

2 + l22 + l23) =
4

27

(π
r

)2
(l22 + l2l3 + l23).

Now we can go through the same steps for the antisymmetric eigenfunction by replacing cos(βi(v−
w)) with sin(βi(v − w)) and we achieve the same eigenfunction with the relevant cosines replaced
by sines and the same eigenvalues.

How do we adapt this to the Robin problem on the triangle? We provide an ansatz for the
Robin eigenfunction on the triangle which now involves a linear combination of sine and cosine
[29]. We manifest this linear combination by a shift in the argument of cosine. Once again we
construct the symmetric eigenfunction:

Us = cos
(πη
3r

(u+ 2r)− δ1

)
cos

(
π(µ− ν)

9r
(v − w)

)
+ cos

(πµ
3r

(u+ 2r)− δ2

)
cos

(
π(ν − η)

9r
(v − w)

)
+ cos

(πν
3r

(u+ 2r)− δ3

)
cos

(
π(η − µ)

9r
(v − w)

)
,

where
η + µ+ ν = 0.

This has eigenvalue:

2

27

(π
r

)2
(η2 + µ2 + ν2) =

2

27

(π
r

)2
((−µ− ν)2 + µ2 + ν2) =

4

27

(π
r

)2
(µ2 + µν + ν2).

Now we aim to find δ1, δ2, δ3 and η, µ, ν such that the Robin condition is satisfied along the
boundary. Notice that η, µ, ν may indeed be complex in the negative α case as the first eigenvalue
is negative and we expect hyperbolic eigenfunctions [30]. Imposing the Robin condition along
u = r gives:

tan(πη − δ1) =
3αr

πη
, tan(πµ− δ2) =

3αr

πµ
, tan(πν − δ2) =

3αr

πν
. (2.15)

Note the resemblance to the function g1 from the interval. Imposing now along v = r and recalling
that the symmetry of the eigenfunction means that the boundary condition must automatically be
satisfied along w = r, we find

tan

(
−δ2 + δ3

2

)
=

3αr

πη
, tan

(
−δ1 + δ3

2

)
=

3αr

πµ
, tan

(
−δ1 + δ2

2

)
=

3αr

πν
. (2.16)
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First let us define the auxilliary variables

L = −δ2 + δ3
2

; M = −δ1 + δ3
2

; N = −δ1 + δ2
2

.

We can use these to re-express our sought-after parameters:

δ1 = L−M −N ; δ2 = −L+M −N ; δ3 = −L−M +N.

Then equating the corresponding terms in equations (2.15) and (2.16) we see that the arguments
must differ by an integer multiple of π, so that from the second equation:

πµ− δ2 =M +mπ ⇒ µ =
1

π
(2M − L−N) +m, m ∈ Z.

Similarly for the third equation:

ν =
1

π
(2N − L−M) + n, n ∈ Z.

Lastly, using the constraint η + µ+ ν = 0 we see that

η = −µ− ν =
1

π
(2L−N −M)−m− n.

Hence we can use the above expressions for η, µ and ν to rewrite the system (2.16) as
(2L−M −N − (m+ n)π) tan(L) = 3αr,

(2M − L−N + nπ) tan(L) = 3αr,

(2N −M − L+mπ) tan(L) = 3αr.

This system can’t be solved analytically but having been solved numerically in [29], Figure 5
supports the fact that we do in fact recover the Neumann and Dirichlet eigenfunctions respectively
in the limits α→ 0+ and α→ ∞.
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Figure 5: The First Neumann eigenfunction tends to the first Dirichlet eigenfunction as α runs
from 0 to ∞ [29].

2.4 Local Optimisation of Polygonal Domains

Laugesen’s result is a global one, relying on the convexity of λα1 (B(t)). However for more general
domains this is too much to ask so we instead seek local minimisers. The idea of locality requires
a notion of distance between shapes, which isn’t immediate. There are many different metrics
one can define, however the Hausdorff distance is possibly the most intuitive and convenient. We
follow the definitions of Henrot [16].

Definition 2.5. Let K1, K2 be compact sets contained in a larger ambient compact set B ⊂ RN .
Then we define

1. ρ(K1,K2) := supx∈K1
d(x,K2).

Notice this supremum is achieved as d(·,K2) is a continuous function (vacuously) on a compact
set.

2. dH(K1,K2) := max{ρ(K1,K2), ρ(K2,K1)}.

We can extend the definition to bounded, open subsets, Ω1, Ω2 ⊂ B, by defining the Hausdorff
distance:

3. dH(Ω1,Ω2) := dH(B \ Ω1, B \ Ω2).

The sets on the right-hand side are compact and non-empty (they contain ∂B).

Figure 6 gives an example of the Hausdorff distance between two sets. Having seen that the
square is a global extremiser of the first eigenvalue among rectangles of fixed area, we might be
inspired to imagine that an analogous result holds for the equilateral triangle. While this result
holds in the Dirichlet case [35], it was only in 2023 that Krejčǐŕık, Lotoreichik, and Vu proved that
the equilateral triangle is a local maximiser of λα1 for α < 0, subject to several restrictions [22].

Theorem 2.12 (Krejčǐŕık, Lotoreichik, and Vu, 2023). Let Ω∗ be the equilateral triangle. Then
there exists α0 < 0 depending only on |Ω∗| such that for all α ∈ [α0, 0),

λα1 (Ω) ≤ λα1 (Ω
∗),
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Figure 6: The Hausdorff distance between two sets [16].

for all triangles Ω with area equal to |Ω∗| and sufficiently close in Hausdorff distance.

The proof involves parametrising an arbitrary triangle of a fixed area, finding the eigenvalues
on the triangle using a linear map onto the equilateral triangle and then differentiating the first
eigenvalue with respect to each of the parameters. There are two parameters and both first
derivatives vanish for Ω∗ and the Hessian matrix is made negative-definite at Ω∗ by imposing
the above restriction on α. The proof relies on McCartin’s expression for the eigenvalues on the
equilateral triangle.

In 2024 Larsen-Scott and Clutterbuck used this method to broaden the class over which the
square is a local maximiser of λα1 for α < 0 [24].

Theorem 2.13 (Larsen-Scott and Clutterbuck, 2024). Let α < 0 and Ω∗ be the square. Then

λα1 (Ω) ≤ λα1 (Ω
∗),

for all quadrilaterals Ω with area |Ω∗| sufficiently close to Ω∗ in Hausdorff distance.

The proof uses a similar argument, splitting a quadrilateral into 2 triangles and using a piecewise
linear map to map an arbitrary quadrilateral onto the square [22]. The method then proceeds
analogously, however without the constraints on the size of α.

2.5 The Disc

Polygonal domains are interesting in their own right however they quickly fall out of use in favour
of discs when we relax the polygonal constraint in eigenvalue optimisation problems. Therefore
it’ll be useful to characterise the eigenvalues on the open ball in R2 of radius a. This example
follows from Levitin, Mangoubi, and Polterovich [26]. We need the following expression for the
Laplacian in polar coordinates:

∇2 =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2
.

Once again using a separable ansatz, u = R(r)Θ(θ), gives:

−∇2R(r)Θ(θ) = −R′′(r)Θ(θ)− 1

r
R′(r)Θ(θ)− 1

r2
R(r)Θ′′(θ) = λR(r)Θ(θ).

Multiplying by r2

R(r)Θ(θ) yields:

−r
2R′′(r)

R(r)
− rR′(r)

R(r)
− λr2 =

Θ′′(θ)

Θ(θ)
.

Arguing once again that each side must be constant and using the fact that Θ(θ) is 2π-periodic,
we conclude

Θ(θ) = A sin(nθ) +B cos(nθ), n ∈ Z,
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and

R′′(r) +
1

r
R′(r) +

(
λ− n2

r2

)
R(r) = 0. (2.17)

Using the substitution s =
√
λr, equation (2.17) becomes

λR′′(s) + λ
1

s
R′(s) +

(
λ− λn2

s2

)
R(s) = 0.

Dividing by λ this is the Bessel equation, which has only one solution which is non-singular at
r = 0, the n−th Bessel function of the first kind, Jn(s). Hence

R(r) = Jn(
√
λr).

Then the Robin condition states

∇u(r, θ) · ν + αu(r, θ)|r=a = 0.

On the boundary of the disc the normal vector ν = er so the eigenvalues λn are solutions to

R′(a) + αR(a) = 0 ⇒
√
λnJ

′
n(
√
λna) + αJn(

√
λna) = 0

and the corresponding eigenfunctions, indexed by n ∈ N are

un = R(r)Θ(θ) = Jn(
√
λnr) sin(n(θ + ϕ)),

where ϕ ∈ [0, 2π) manifests an orientation of the axes. Once again we see that the eigenvalues
form a countable sequence.
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3 Preliminaries

We now exchange the concrete examples for an abstract unifying theory where eigenfunctions may
not be explicitly found, however we can still say much about them. We do this through the spectral
theory of certain operators in a Hilbert space. The definitions, theorems and proofs which appear
below are as in section 6 of Evans [8]. I’ve aimed to provide insight and detail where the proofs of
Evans lack explanation.

3.1 Spectral Theory for Hilbert Spaces

From now on H always refers to a real Hilbert space which has inner product (·, ·) and norm || · ||.
Let’s begin by recalling some definitions and facts about Hilbert spaces.

Definition 3.1. 1. A linear operator T is bounded if there exists C > 0 such that for all x ∈ H,

||Tx|| ≤ C||x||.

2. The smallest such C is called the operator norm of T , denoted

||T || := inf{C > 0 : ||Tx|| ≤ C||x|| for all x ∈ H}.

3. A bounded linear operator f : H → R is called a bounded linear functional on H.

4. The set of bounded linear functionals on H is called the dual space of H, denoted H∗.

5. We denote the pairing of a functional f ∈ H∗ with an element x ∈ H by

⟨f, x⟩ := f(x).

The dual space H∗ is in fact a vector space over the same field as H. If H is a Hilbert space
then H∗ is already familiar to us.

Theorem 3.1 (Riesz Representation Theorem). If H is a Hilbert space then its dual space, H∗,
can be canonically identified with H. That is to say that for each f ∈ H∗ there is a unique y ∈ H
such that

⟨f, x⟩ = (y, x)

for all x ∈ H.

Definition 3.2. Let H be a Hilbert space and

B : H ×H → R

be a bilinear form, that is to say B is linear in both arguments.

1. B is bounded if there exists µ > 0 such that

|B[u, v]| ≤ µ||u|| ||v||,

for all u, v ∈ H.

2. B is coercive if there exists ν > 0 such that

ν||u||2 ≤ B[u, u],

for all u ∈ H.

An incredibly powerful theorem which guarantees uniqueness and existence of solutions is the
following.

19



Theorem 3.2 (Lax-Milgram). Let H be a Hilbert space and

B : H ×H → R

be a bounded, coercive bilinear form. For each f ∈ H∗ there exists a unique u ∈ H such that

B[u, v] = ⟨f, v⟩

for all v ∈ H.

Proof. We will prove this in the case that B is symmetric (B[u, v] = B[v, u] for all u, v ∈ H) but
the theorem holds for non-symmetric B, the proof being more involved. Firstly, the combination
of boundedness and coerciveness implies that

ν||u||2 ≤ B[u, u] ≤ µ||u||2, (3.1)

meaning that B is positive-definite. The assumption of symmetry promotes B[u, v] from a bilinear
form to an inner product on H. Define the norm induced by B[·, ·], by

||u||B :=
√
B[u, u].

Then equation (3.1) asserts that the norms || · || and || · ||B are equivalent. It is easily proven that
a Cauchy sequence converges in || · || if and only if it converges in || · ||B , and so we endow H with
the inner product B[·, ·], giving a Hilbert space to which we can apply the Riesz Representation
Theorem, Theorem 3.1. This says that for every f ∈ H∗ there exists u ∈ H such that for all v ∈ H,
f(v) = ⟨f, v⟩ = B[u, v], precisely the statement of the theorem.

To be able to conclude more than we can about general bounded operators, we must stipulate
further useful properties.

Definition 3.3. A bounded linear operator T : H → H is compact if every bounded sequence xn
in H has a subsequence xnk

such that Txnk
converges.

We won’t prove the following theorem but its corollary will prove incredibly useful.

Theorem 3.3 (The Fredholm Alternative). Let T : H → H be a compact operator. Then

1. N (I − T ) is finite dimensional,

2. R(I − T ) is closed,

3. R(I − T ) = N(I − T ∗)⊥,

4. N (I − T ) = {0} ⇔ R(I − T ) = H

5. dim N (I − T ) = dim N (I − T ∗).

The immediate application of this is the following dichotomy.

Corollary 3.3.1. Precisely one of the two following possibilities occurs.

(i) For each f ∈ H, the equation u− Tu = f has a unique solution.

(ii) The equation u− Tu = 0 has a non-trivial solution

Proof of Corollary. If the kernel of I − T is trivial then possibility (ii) is automatically excluded.
Moreover I−T is injective and part 4 of the theorem tells us that I−T is also surjective, implying
possibility (i).

Otherwise, the kernel of I − T contains a non-trivial vector (possibility (ii)) and by part 4 of
the theorem, there must exist an f ∈ H \ R(I − T ), excluding possibility (i).
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This is analogous to the finite dimensional case where a matrix A is either singular, whereby
Au = 0 has a non-trivial solution, or non-singular, whereby for each v ∈ RN there is a unique
solution to Au = v.

In a finite dimensional vector space an eigenvector with eigenvalue η is a non-trivial solution to
the equation (T −ηI)v = 0. Such a solution exists provided the map T −ηI is not a bijection. For
η ̸= 0 this is equivalent to v − 1

ηTv = 0 which is case (ii) in Corollary 3.3.1. We use this notion
of an eigenvalue to generalise the definition to Hilbert spaces.

Definition 3.4. Let T : H → H be a bounded linear operator.

1. The resolvent of T , ρ(T ), is the set

ρ(T ) = {η ∈ R : (T − ηI) is bijective}.

2. The spectrum of T , σ(T ), is the complement of the resolvent in R,

σ(T ) := R \ ρ(T ).

3. The point spectrum of T , σp(T ) ⊂ σ(T ), is the set of eigenvalues of T ,

σp(T ) := {η ∈ R : T − ηI is not injective}.

Below we will use η to denote an element of the spectrum and reserve λ for Robin eigenvalues.

For a linear operator on finite dimensional vector space, all elements of the spectrum are
eigenvalues and these form a finite set, whose cardinality is bounded above by the dimension of
the domain. However in an infinite dimensional vector space we can still make conclusions about
spectra using the assumption of compactness.

Theorem 3.4 (Spectral Theorem for Compact Operators). Let T : H → H be a compact operator
on an infinite dimensional Hilbert space. Then

1. 0 ∈ σ(T ),

2. σ(T ) \ {0} = σp(T ) \ {0},

3. Either σ(T ) \ {0} if finite or σ(T ) \ {0} is a sequence tending to 0.

Proof. 1. Suppose for contradiction that 0 ∈ ρ(T ). Then T is a bijection and so I = T−1 ◦ T
must be compact as the composition of a bounded and a compact operator. Indeed if {xn}n∈N
is a bounded sequence in H then T maps it to a sequence with a convergent subsequence,
say {xnk

}k∈N. Then since T−1 is bounded and so continuous, it preserves the continuity of
the subsequence. As H is infinite dimensional, it has a countable orthonormal set {en}n∈N,
which is bounded. But no subsequence can be mapped to a convergent sequence under I:
indeed for m ̸= n,

||en − em||2 = (en − em, en − em) = 2.

Therefore the identity operator is not compact, contradicting the fact 0 ∈ ρ(T ).

2. Let η ∈ σ(T )\{0}. If η /∈ σp(T ) then T has no eigenvector with eigenvalue η so N (T −ηI) =
{0}. By the Fredholm alternative, Theorem 3.3, R(T − ηI) = H so T − ηI is a bijection
meaning η ∈ ρ(T ).

3. Let ηk be a sequence of distinct elements in σ(T ) \ {0} converging to η. We would like
to show that η = 0. As ηk ∈ σp(T ), there exists wk ̸= 0 such that Twk = ηkwk. Let
Hk := span{w1, . . . , wk} ⊂ H so that Hk+1 \Hk is non-empty as the eigenvectors are linearly
independent, given they correspond to distinct eigenvalues. Notice that (T −ηkI)Hk ⊂ Hk−1

as (T − ηkI)wk = 0 so T − ηkI removes any wk terms from a linear combination in Hk. For
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a fixed k ∈ N choose uk ∈ Hk ∩ H⊥
k−1 and normalise so that ||uk|| = 1. Now if l < k then

Hl−1 ⊂ Hl ⊂ Hk−1 ⊂ Hk. Thus∣∣∣∣∣∣∣∣Tukηk − Tul
ηl

∣∣∣∣∣∣∣∣ = ∣∣∣∣∣∣∣∣Tuk − ηkuk
ηk

− Tul − ηlul
ηl

+ uk − ul

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣Tuk − ηkuk
ηk

− Tul − ηlul
ηl

− ul

∣∣∣∣∣∣∣∣+ ||uk||

≥ 1

as (T − ηkI)uk, (T − ηlI)ul, ul all belong to Hk−1. If ηn → η ̸= 0 then 1
ηn
un is a bounded

sequence, so by compactness of T has a subsequence whose image under T converges. But
this is in contradiction to the above which asserts that no such sequence exists.

Definition 3.5. If T : H → H is a bounded linear operator then its adjoint, T ∗, satisfies

(Tx, y) = (x, T ∗y)

for all x, y ∈ H. An operator is self-adjoint if T = T ∗.

Such operators have some desirable qualities.

Lemma 3.5. The eigenvalues of a self-adjoint operator are real.

Proof. Suppose Tx = ηx for some x ∈ H and some η ∈ C. Then

(Tx, x) = (ηx, x) = η(x, x) = (x, Tx) = (x, ηx) = η̄(x, x)

So η = η̄ ⇒ η ∈ R.

Lemma 3.6. Eigenfunctions of a self-adjoint operator are orthogonal.

Proof. Suppose T is a self-adjoint operator with respect to (·, ·) and has eigenvectors Tvi = ηivi
for i = 1, 2. Then

0 = (Tv1, v2)− (v1, T v2) = (η1 − η2)(v1, v2)

and η1 ̸= η2 gives the desired result.

This implies further that distinct eigenspaces are orthogonal.
The spectrum is actually a bounded set.

Lemma 3.7. Let T : H → H be self-adjoint and bounded. Define

m = inf{(Tu, u) : u ∈ H, ||u|| = 1},
M = sup{(Tu, u) : u ∈ H, ||u|| = 1}.

Then σ(T ) ⊂ [m,M ] and m,M ∈ σ(T ).

Proof. Let η > M and define a bilinear form on H

Bη[u, v] := (ηu− Tu, v).

Then for all u ∈ H

Bη[u, u] = (ηu− Tu, u) = η||u||2 − (Tu, u) = η||u||2 − ||u||2
(
T

(
u

||u||

)
,
u

||u||

)
≥ (η −M)||u||2.

(3.2)
Moreover, using the Cauchy-Schwarz inequality,∣∣Bη[u, v]

∣∣ ≤ ||ηu− Tu|| ||v|| ≤
(
η + ||T ||

)
||u|| ||v||. (3.3)
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Equations (3.2) and (3.3) assert that Bη is bounded and coercive and we can invoke Lax-Milgram
and the Riesz representation theorem to conclude that for each f ∈ H there exists a unique u ∈ H
such that

Bη[u, v] = (ηu− Tu, v) = (f, v)

for all v ∈ H. But this is equivalent to ηI − T : H → H being a bijection so that η ∈ ρ(T ).
Similarly η ∈ ρ(T ) if η < m.

Now we will show that M ∈ σ(T ). The bilinear form above, BM , is positive definite and
symmetric using the self-adjointness of T . Then the Cauchy-Schwarz inequality yields:

BM [u, v]2 ≤ BM [u, u]BM [v, v] ⇒ |(Mu− Tu, v)| ≤
√

(Mu− Tu, u)(Mv − Tv, v)

for all u, v ∈ H. In particular

||Mu− Tu|| ≤ C
√

(Mu− Tu, u).

Now let uk be a sequence of unit vectors in H such that (Tuk, uk) → M as k → ∞. Then by the
above bound, ||Mu− Tu|| → 0. If M ∈ ρ(T ) then MI − T is invertible and so

uk = (MI − T )−1(MI − T )uk.

But the right-hand side approaches 0 as k → ∞, a contradiction so MI − T must not be bijective.

As well as the eigenvalues we can characterise the eigenvectors.

Theorem 3.8. Let H be a separable Hilbert space and T : H → H be self-adjoint and compact.
Then there exists a countable orthonormal basis of H consisting of eigenvectors of T .

Proof. Let ηk be the sequence of distinct eigenvalues of T excluding 0. Let η0 = 0, H0 = N (T )
and Hk = N (T −ηkI), the latter of which has positive, finite dimension according to the Fredholm
alternative. Recall from Lemma 3.6 that eigenspaces of distinct eigenvectors are orthogonal. Let
H̃ be the smallest subspace of H which contains H0, H1, . . . i.e., H̃ contains all finite linear
combinations of eigenvectors of T . We would like to show that H̃ is dense in H. Acting on
a finite linear combination of eigenvectors with T produces another finite linear combination of
eigenvectors, meaning that T (H̃) ⊂ H̃. Also if v ∈ H̃⊥ then for all u ∈ H̃,

(u, v) = 0 ⇒ (Tu, v) = (u, Tv) = 0,

as Tu ∈ H̃, implying that T (H̃⊥) ⊂ H̃⊥. Now the operator T is self-adjoint and compact by
assumption so its restriction to H̃⊥, T̃ := T |H̃⊥ , is too. If ηj is an eigenvalue of T̃ then it is

an eigenvalue of T too and the corresponding eigenvector, wj ∈ Hj ⊂ H̃. But T̃ can only have

eigenvectors in H̃⊥ and so wj ∈ H̃ ∩ H̃⊥ = {0}, meaning σ(T̃ ) = {0}. But then by Lemma 3.7,

σ(T̃ ) is contained in the interval [m,M ] and m and M are the maximum and minimum values
attained by (T̃ u, u) so that (T̃ u, u) = 0 for all u ∈ H̃⊥. But then for all u, v ∈ H̃⊥,

0 = (T̃ (u+ v), u+ v)− (T̃ u, u)− (T̃ v, v) = 2(T̃ u, v).

Thus T̃ = 0, meaning
H̃⊥ ⊂ N (T ) = H0 ⊂ H̃.

But once again H̃ ∩ H̃⊥ ⇒ H̃⊥ = {0}, meaning that H̃ is dense in H. As each eigenspace is
finite dimensional, we can construct an orthonormal basis for each and the union of these forms an
orthonormal basis for H as each eigenspace is orthogonal, where it is important that H is separable
so that H0 = N (T ) has a countable orthonormal basis.
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3.2 Sobolev Spaces

In order to apply the spectral theory of Hilbert spaces, we need an appropriate Hilbert space in
which to cast the eigenvalue problem. We aim to broaden the space in which we seek eigenfunctions
from C2(Ω). This section follows the conventions of Evans [8].

Definition 3.6. Denote the space of infinitely differentiable functions which are compactly sup-
ported in Ω ⊂ RN by C∞

c (Ω). Such a function is called a test function.

In order to motivate the following definitions, we take the Helmholtz equation, multiply it by
a test function φ ∈ C∞

c (Ω) and integrate over Ω to find:∫
Ω

λφudx = −
∫
Ω

φ∇2u dx

=

∫
Ω

∇φ · ∇u dx−
∫
∂Ω

φ
∂u

∂ν
dσ

= −
∫
Ω

u∇2φdx+

∫
∂Ω

u
∂φ

∂ν
dσ

⇒
∫
Ω

u(∇2φ+ λφ) dx = 0. (3.4)

We’ve integrated by parts in the second and third equalities and discarded the boundary terms using
the fact that a test function’s partial derivatives of all orders vanish on the boundary. A solution to
(1.4) satisfies (3.4) for all test functions φ ∈ C∞

c (Ω), however we can use this formulation to loosen
the sense in which we ask u to be an eigenfunction of the Laplacian. Classically, we require u to be
twice differentiable inside Ω and continuous up to the boundary (i.e., u ∈ C2(Ω) ∩C(Ω̄)) however
we can expand the space of admissible solutions by weakening the differentiability we require.

Definition 3.7. Suppose u, v ∈ L1
loc(Ω) and β is a multiindex. Then v is the β-th weak partial

derivative of u, written Dβu = v, provided:∫
Ω

uDβφdx = (−1)|β|
∫
Ω

vφ dx

for all test functions φ ∈ C∞
c (Ω).

Everywhere below k ∈ N and 1 ≤ p <∞.

Definition 3.8. The Sobolev Space, denoted W k,p(Ω), is the space of functions u : Ω → R for

which the weak derivative Dβu exists and belongs to Lp(Ω) for all multiindices β with |β| ≤ k.

We see that W 0,p(Ω) = Lp(Ω) and like Lp, Kk,p(Ω) is a Banach space for all p with norm

||u||Wk,p(Ω) =

∑
|β|≤k

||Dβu||pLp(Ω)

1/p

.

Again similar to the Lp case, W k,2(Ω) is a Hilbert space which we denote Hk(Ω) whose norm is
induced by the inner product

⟨u, v⟩Hk(Ω) :=
∑
|β|≤k

(Dβu,Dβv)L2(Ω).

The Sobolev spaces contain functions that aren’t classically differentiable or even continuous
but thankfully we have the following approximation theorem to get a handle on how pathological
they can be.
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Theorem 3.9. Suppose ∂Ω is C1 and u ∈ W k,p(Ω). Then there exists a sequence of functions
un ∈ C∞(Ω) such that

||u− un||Wk,p(Ω) → 0 as n→ ∞.

We will focus almost exclusively on H1(Ω) and make ample use of the inequality

||u||L2(Ω) ≤ ||u||H1(Ω).

One problem we encounter is that by expanding our space of solutions to ensure existence, we
have lost uniqueness. The boundary ∂Ω has Lebesgue measure zero and in Lp(Ω) and W k,p(Ω)
we define an equivalence relation between functions that agree everywhere spare a set of measure
zero. Therefore an eigenfunction inside Ω is equal (modulo the equivalence relation) to another
solution that takes a different value on the entire boundary. To rectify this we need to use the
trace operator to define what it means for a function to satisfy the boundary condition in the weak
sense.

Theorem 3.10 (The Trace Theorem). Assume that ∂Ω is C1. Then there exists a bounded linear
operator

Tr :W 1,p(Ω) → Lp(∂Ω)

such that
Tr(u) = u|∂Ω if u ∈W 1,p ∩ C(Ω̄)

and there exists a constant C independent of u such that

||Tr(u)||Lp(∂Ω) ≤ C||u||W 1,p(Ω),

for all u ∈W 1,p(Ω).

The utility of this theorem is the fact that C(Ω̄) is dense in W 1,p (by Theorem 3.9) and the
continuity of Tr (equivalent to boundedness) allows the trace to be uniquely extended to all of
W 1,p. The inequality (3.10) will be incredibly useful when discussing the boundary values of a H1

function.

Definition 3.9. The trace operator is the map Tr stated to exist in Theorem 3.10.

From now on when we ask that a function in H1(Ω) satisfies the Robin boundary condition, or
any boundary condition for that matter, we ask that it does so in the sense of traces.

3.3 Spectral Theory of Elliptic Operators

Now we have a space in which Laplacian eigenfunctions might live, we can apply the spectral
theory of Hilbert spaces. We still follow Evans [8] which is geared towards general elliptic operators
obeying the Dirichlet boundary condition and I have worked to adapt this to the Robin condition.

Definition 3.10. An elliptic operator takes the form

Lu = −
∑
i,j

ai,j∂xi
∂xj

u+
∑
i

bi∂xi
u+ cu,

where the coefficients are continuous and ai,j satisfies the ellipticity condition: that there exists a
K > 0 such that ∑

i,j

ai,j(x)ζiζj ≥ K|ζ|2, (3.5)

for almost all x ∈ Ω and all ζ ∈ RN . That is to say that the matrix with entries ai,j is
positive definite.

25



The Laplacian is clearly expressible in this form where

ai,j = δi,j , bi = 0, c = 0,

and it is elliptic as ∑
i,j

δi,j(x)ζiζj =
∑
i

ζiζi = |ζ|2.

Everything we will say below is proved for general elliptic operators with Dirichlet boundary
conditions by Evans, however to adapt this to the Robin condition I have restricted my attention
to the Laplacian. To ensure functions satisfy the Robin condition, I define the domain of my
operators as follows.

Definition 3.11. Let H1
α(Ω) be the subset of H1(Ω) satisfying the Robin condition in the sense

of traces:

H1
α(Ω) :=

{
u ∈ H1(Ω) :

∂u

∂ν
+ αu = 0 on ∂Ω

}
.

We ought to check that this subset is indeed a Hilbert space.

Lemma 3.11. H1
α(Ω) is a Hilbert space with the inner product inherited from H1(Ω).

The proof below, and the subsequent adaptation to the Robin condition is original.

Proof. We first show that H1
α(Ω) is a subspace of H1(Ω): indeed if u, v ∈ H1

α(Ω) then

∂(u+ v)

∂ν
+ α(u+ v) =

(
∂u

∂ν
+ αu

)
+

(
∂v

∂ν
+ αv

)
= 0

and closure under scalar multiplication follows similarly. Being a subspace of a Hilbert space, to
establish that H1

α(Ω) is a Hilbert space we need only show that it is closed. Indeed let H be a
Hilbert space and Ĥ ⊂ H a subspace. Then a Cauchy sequence in Ĥ, {xn}n∈N, converges with
limit in H as {xn}n∈N is a Cauchy sequence in the Hilbert space H and this limit is contained in
Ĥ if Ĥ is a closed subspace.

To establish that H1
α(Ω) is closed, let {un}n∈N be a sequence in H1

α(Ω) converging to u. We
must show that u obeys the Robin condition:∣∣∣∣∣∣∣∣∂u∂ν + αu

∣∣∣∣∣∣∣∣
L2(∂Ω)

≤
∣∣∣∣∣∣∣∣∂u− un

∂ν
+ α(u− un)

∣∣∣∣∣∣∣∣
L2(∂Ω)

+

∣∣∣∣∣∣∣∣∂un∂ν + αun

∣∣∣∣∣∣∣∣
L2(∂Ω)

≤
∣∣∣∣∣∣∣∣∂u− un

∂ν

∣∣∣∣∣∣∣∣
L2(∂Ω)

+ |α| ||u− un||L2(∂Ω)

≤ C

(∣∣∣∣∣∣∣∣∂u− un
∂ν

∣∣∣∣∣∣∣∣
H1(Ω)

+ |α| ||u− un||H1(Ω)

)
= C||ν · ∇(u− un)||H1(Ω) + C|α| ||u− un||H1(Ω)

≤ C|| |∇(u− un)| ||H1(Ω) + C|α| ||u− un||H1(Ω).

Above we have used the Cauchy-Schwarz inequality and the boundedness of the trace operator
from Theorem 3.10: that there exists a constant C independent of u such that

||Tr(u)||Lp(∂Ω) ≤ C||u||W 1,p(Ω),

for all u ∈W 1,p(Ω).. As the left-hand side is independent of n and the right-hand side can be made
arbitrarily small by taking n sufficiently large, we conclude that u obeys the Robin condition.
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To maintain the sense that this can be generalised I retain the notation L for the Laplacian
herein, to remind that the proofs can be adapted, with no real change in structure, to general
elliptic operators.

L = −
∑
i

∂2xixi
, D(L) = H1

α(Ω).

We diverge from the study of the eigenfunctions of the Robin Laplacian and instead study L
as an operator on the Sobolev space H1

α(Ω), considering first the Poisson problem:{
Lu = f in Ω,
∂u
∂ν + αu = 0 on ∂Ω.

(3.6)

Suppose u is a solution to (3.6) and v ∈ H1
α(Ω) is any trial function. Multiplying Poisson’s equation

by v and integrating over Ω, we find:∫
Ω

fv dx =

∫
Ω

−v∇2u dx

=

∫
Ω

∇u · ∇v dx−
∫
∂Ω

v
∂u

∂ν
dσ

=

∫
Ω

∇u · ∇v dx+ α

∫
∂Ω

uv dσ.

The left-hand side is the L2(Ω) inner product of f and v and the we give the following definition
for the right-hand side.

Definition 3.12. The bilinear form associated to the Robin Laplacian is given by

B[u, v] :=

∫
Ω

∇u · ∇v dx+ α

∫
∂Ω

uv dσ.

We see that a classical (C2(Ω) ∩ C(Ω)) solution of the Poisson problem (3.6) obeys B[u, v] =
(f, v) for all v ∈ H1

α(Ω), however this condition poses weaker constraints on u: namely that
u ∈ H1

α(Ω). In particular u need only be once weakly differentiable. This motivates us to weaken
the sense in which we ask u to be a solution of the Poisson problem.

Definition 3.13. We call u ∈ H1
α(Ω) a weak solution of the Robin problem if

B[u, v] = (f, v)

for all v ∈ H1
α(Ω) where (·, ·) is the inner product on L2(Ω).

Lemma 3.12. The Robin Laplacian is self-adjoint with respect to the L2 inner product.

Proof. Using integration by parts twice along with the Robin boundary condition we see

(Lu, v) =

∫
Ω

−∇2uv dx

=

∫
Ω

∇u · ∇v dx−
∫
∂Ω

v
∂u

∂ν
dσ

=

∫
Ω

−u∇2v dx−
∫
∂Ω

v
∂u

∂ν
dσ +

∫
∂Ω

u
∂v

∂ν
dσ

=

∫
Ω

−u∇2v dx−
∫
∂Ω

v(−αu) dσ +

∫
∂Ω

u(−αv) dσ

=

∫
Ω

−u∇2v dx = (u, Lv).
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Now we can apply Lemmas 3.5 and 3.6 to the spectrum of the Robin Laplacian. We would
like to apply the Lax-Milgram theorem (Theorem 3.2), which gives conditions on B such that a
unique weak solution exists, to the Robin Laplacian, the legitimacy of which is the content of the
following theorem.

Theorem 3.13. Let B[·, ·] be the bilinear form associated to the Robin Laplacian defined above
with α > 0 from now on. Then there exist µ, ν > 0 and ρ ≥ 0 such that

1. |B[u, v]| ≤ µ||u||H1
α(Ω)||v||H1

α(Ω),

and

2. ν||u||2H1
α(Ω) ≤ B[u, u] + ρ||u||2L2(Ω).

for all u, v ∈ H1
α(Ω).

Proof. 1. For boundedness we check

|B[u, v]| ≤
∣∣∣∣ ∫

Ω

∇u · ∇v dx
∣∣∣∣+ ∣∣∣∣α ∫

∂Ω

uv dσ

∣∣∣∣
≤
(∫

Ω

|∇u|2 dx
)1/2(∫

Ω

|∇v|2 dx
)1/2

+ |α|
(∫

∂Ω

u2 dσ

)1/2(∫
∂Ω

v2 dσ

)1/2

= ||∇u||L2(Ω)||∇v||L2(Ω) + |α|||u||L2(∂Ω)||v||L2(∂Ω)

≤ ||∇u||L2(Ω)||∇v||L2(Ω) + C2|α|||u||H1
α(Ω)||v||H1

α(Ω)

≤ µ

(∫
Ω

|∇u|2 + u2 dx

)1/2(∫
Ω

|∇v|2 + v2 dx

)1/2

= µ||u||H1
α(Ω)||v||H1

α(Ω)

where we have used the trace inequality (3.10) and in the final step we require that µ >
C2|α|+ 1 > 0.

2. Now for coerciveness. We will need to use Maz’ja’s inequality [19] which states that there
exists c > 0 such that

||u||L2(Ω) ≤ c
(
||∇u||2L2(Ω) + ||u||2L2(∂Ω)

)
for all u ∈ H1

α(Ω). We will pre-emptively rearrange this as

−α||u||2L2(∂Ω) ≤ −α
c
||u||2L2(Ω) + α||∇u||2L2(Ω).

Notice as well that c can be made larger if necessary, specifically it can be made larger than
α. Then

||u||2H1
α(Ω) =

∫
Ω

|∇u|2 + u2 dx

= B[u, u]− α||u||L2(∂Ω) + ||u||L2(Ω)

≤ B[u, u] + ||u||L2(Ω) + α||∇u||L2(Ω) −
α

c
||u||L2(Ω)

≤ B[u, u]
(
1− α

c

)
||u||L2(Ω) + αB[u, u]

= (1 + α)B[u, u] +
(
1− α

c

)
||u||L2(Ω).

Dividing by 1 + α > 0 gives the desired form of inequality.
This completes the proof.

We’ve encountered a small issue: if ρ ̸= 0 then the conditions of the Lax-Milgram theorem are
not precisely fulfilled. We can partially remedy this however with the following theorem.

28



Theorem 3.14. If ρ is as in 3.13, for each η ≥ ρ and each f ∈ L2(Ω) there is a unique weak
solution u ∈ H1

α(Ω) to the problem {
Lu+ ηu = f in Ω,
∂u
∂ν + αu = 0 on ∂Ω.

Proof. Let η ≥ ρ and define the new bilinear form:

Bη[u, v] := B[u, v] + η(u, v),

for all u, v ∈ H1
α(Ω) and (·, ·) is as ever the L2(Ω) inner product. Then Bη[·, ·] satisfies the

conditions of the Lax-Milgram theorem: boundedness follows since

|Bη[u, v]| ≤ |B[u, v]|+ η|(u, v)|
≤ µ||u||H1

α(Ω)||v||H1
α(Ω) + η||u||L2(Ω)||v||L2(Ω)

≤ µ||u||H1
α(Ω)||v||H1

α(Ω) + η||u||H1
α(Ω)||v||H1

α(Ω)

= (µ+ η)||u||H1
α(Ω)||v||H1

α(Ω).

And coerciveness:

ν||u||2H1
α(Ω) ≤ B[u, u] + ρ||u||L2(Ω) ≤ B[u, u] + η||u||L2(Ω) = Bη[u, u]. (3.7)

Theorem 3.15 (The Fredholm Alternative). Precisely one of the following two possibilities occurs:

1. For each f ∈ L2(Ω) there is a unique weak solution to{
Lu = f in Ω,
∂u
∂ν + αu = 0 on ∂Ω.

(3.8)

2. There exists a non-zero weak solution to{
Lu = 0 in Ω,
∂u
∂ν + αu = 0 on ∂Ω.

(3.9)

Proof. Take η = ρ as in Theorem 3.13 and define:

Bρ[u, v] := B[u, v] + ρ(u, v)

which corresponds to the operator Lρ : H1
α(Ω) → L2(Ω), u 7→ Lu+ ρu. Then by Theorem 3.14, for

each g ∈ L2(Ω), there exists a unique u ∈ H1
α(Ω) such that Bρ[u, v] = (g, v) for all v ∈ H1

α(Ω). As
u is unique, for each g ∈ L2(Ω) we can formally define

L−1
ρ g : L2(Ω) → H1

α(Ω).

as
u =: L−1

ρ g

whenever u is the unique weak solution of Lu + ρu = g. Now notice that u is a weak solution of
(3.8) provided

Bρ[u, v] = (ρu+ f, v)

for all v ∈ H1
α(Ω). That is, if

u = L−1
ρ (ρu+ f) = ρL−1

ρ u+ L−1
ρ f. (3.10)
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Let us define
Ku := ρL−1

ρ u, h = L−1
ρ f.

Then we can rewrite (3.10) as
u−Ku = h.

We now claim that K : L2(Ω) → H1
α(Ω) ⊂ L2(Ω) is linear, bounded, and compact in the hopes

that we can invoke the Fredholm alternative. By the coerciveness of Bρ,

ν||u||2H1
α(Ω) ≤ Bρ[u, u] = (g, u) ≤ ||g||L2(Ω)||u||L2(Ω) ≤ ||g||L2(Ω)||u||H1

α(Ω),

implying that

||u||H1
α(Ω) ≤

1

ν
||g||L2(Ω).

Now aiming to show that K is bounded,

||Kg||L2(Ω) ≤ ||Kg||H1
α(Ω) = ||ρL−1

ρ g||H1
α(Ω) = ρ||u||H1

α(Ω) ≤
ρ

ν
||g||L2(Ω).

The compactness ofK follows from the Rellich-Kondrachov theorem. Now we can use the Fredholm
alternative, Theorem 3.3, to conclude that either

1. For each h ∈ L2(Ω),
u−Ku = h

has a unique solution u ∈ L2(Ω), otherwise

2. the equation
u−Ku = 0

has non-zero solutions in L2(Ω).

Theorem 3.16 (Spectral Theorem for Elliptic Operators).

1. There exists a countable set σ(L) ⊂ R such that{
Lu = λu+ f in Ω,
∂u
∂ν + αu = 0 on ∂Ω.

(3.11)

has a unique weak solution for each f ∈ L2(Ω) if and only if λ /∈ σ(L).

2. The eigenvalues of the Laplacian form a real, countable sequence, bounded from below and
tending to ∞.

3. The corresponding eigenfunctions form a basis of L2(Ω).

Proof. Let ρ be as defined in Theorem 3.13. We can freely assume that ρ > 0 (if ρ satisfies the
coerciveness inequality then any larger value must too) and let λ > −ρ. According to Theorem
3.15, the problem (3.11) has a unique weak solution if and only if u ≡ 0 is the only solution to the
homogeneous problem {

Lu = λu in Ω,
∂u
∂ν + αu = 0 on ∂Ω.

This is equivalent to u ≡ 0 being the only solution to{
Lu+ ρu = (ρ+ λ)u in Ω,
∂u
∂ν + αu = 0 on ∂Ω.
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This is solved by u if

u = L−1
ρ (ρ+ λ)u =

ρ+ λ

ρ
Ku,

where Ku = ρL−1
ρ u is a compact, linear operator as before. If u ≡ 0 is the only solution to

Ku =
ρ

ρ+ λ
u

then ρ
ρ+λ is not an eigenvalue on K, which is equivalent to equation (3.11) having a unique

solution. As K is compact, according to Theorem 3.4, the eigenvalues of K form either a finite set
or a sequence approaching zero. In the latter case, the problem (3.11) has a unique solution for all
λ spare a sequence λk → ∞. We now examine the formal inverse of the Laplacian with the view
to applying the spectral theorem. The operator

S := L−1
0

is bounded, linear, compact operator mapping L2(Ω) to itself. We claim that S is self-adjoint. Let
f, g ∈ L2(Ω) so that u := Sf implies that u is the weak solution to Lu = f and likewise v := Sg
implies that v is the weak solution to Lv = g. Thus

(Sf, g) = (u, g) = B[u, v]

and
(f, Sg) = (f, v) = B[v, u].

So S is self-adjoint thanks to the symmetry of B. Furthermore, (Sf, f) = (u, f) = B[u, u] ≥ 0
so we can apply the theory we developed of compact, self-adjoint operators. Lastly, if w is an
eigenvector of S with corresponding eigenvalue η, that is Sw = ηw, then applying L to both sides
we see that 1

ηw = Lw so that the sequence of eigenvalues tends to infinity.

We finish by including a theorem which ensures the regularity of weak solutions.

Theorem 3.17. Suppose ai,j, bi,c, and f ∈ C∞(Ω). If u ∈ H1(Ω) is a weak solution of{
Lu = f in Ω,
∂u
∂ν + αu = 0 on ∂Ω,

then, provided ∂Ω is C∞, u ∈ C∞(Ω).

3.4 The Symmetric Decreasing Rearrangement

In the final section we will investigate functions on the ball in RN which are spherically symmetric.
In a sense we would like to build a spherically symmetric function out of a given function onn
arbitrary domain which preserves its size. This section follows the lecture notes of Burchard [4],
however the diagrams and the code used to generate them is original. We first fix some notation.
We use 1A(x) to denote the indicator function for a set A ⊂ Ω

1A(x) :=

{
1, x ∈ A

0, x /∈ A.

and the level sets of a non-negative L2 function on Ω are given by

Ut = {x ∈ Ω: f(x) > t}.

Using these two definitions we can represent a non-negative L2(Ω) function using the layer cake
decomposition

f(x) =

∫ ∞

0

1Ut
(x) dt.

Now in the spirit of creating a spherically symmetric version of a function, we first do the same
for sets.
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Definition 3.14. Let A be a measurable set of finite, positive volume in RN . Its
symmetric rearrangement A∗ is the open ball with volume equal to that of A.

A∗ := {x ∈ RN : ωN |x|N < |A|},

where ωN is the volume of the unit ball in RN .

We can thus build a function from the layer cake decomposition of f by symmetrising the level
sets.

Definition 3.15. The symmetric decreasing rearrangement f∗ of a function f ∈ L2(Ω) is the
spherically symmetric function whose level sets have equal volume to those of f ,

f∗(x) =

∫ ∞

0

1U∗
t
dt.

Firstly, we are justified in calling f∗ symmetric as

∂

∂θ

∫ ∞

0

1U∗
t
dt =

∫ ∞

0

∂

∂θ
1U∗

t
dt = 0

since

1U∗
t
=

{
1 |x| < |Ut|/ωN ,

0 |x| ≥ |Ut|/ωN .

Furthermore the level sets of f and f∗ have the same measure, which is demonstrated in Figure 7.
The code I wrote to produce these diagrams is included in appendix A. In the left plot we see a
function f(x) which is neither symmetric nor decreasing. Its symmetric decreasing rearrangement,
f∗ is shown in the right plot. Then we see that the level set Ut of f with t = 2.16, the horizontal
blue line, has the same length as the level set of t = 2.16 of f∗, the horizontal green line. The
level sets of f∗ are the symmetric rearrangements of the level sets of f , which in 1 dimension are
just symmetric intervals. This idea generalises to higher dimensions but instead of intervals we
reconstruct into balls centred at the origin. It is important to note that when we refer to f∗ as
the symmetric decreasing rearrangement, f∗ is decreasing in the sense that f∗(x) = g(|x|) where
g is a decreasing function. Finally, calling this a rearrangement is justified as we preserve the Lp

norm.

Figure 7: The left plot shows f(x) = (x2+3x+5/2)(x2−3x/2+1)e−x2/2 and the right plot shows
its symmetric decreasing rearrangement f∗(x).

Lemma 3.18. For every f ∈ Lp(RN ), 1 ≤ p <∞

||f ||p = ||f∗||p
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Proof. Using Fubini’s theorem in the second equality,∫
RN

|f(x)|p dx =

∫
RN

∫ ∞

0

1{f(x)p>t} dt dx =

∫ ∞

0

µ({f(x)p > t}) dt

=

∫ ∞

0

µ({f(x) > s})psp−1 ds =

∫ ∞

0

µ({f∗(x) > s})psp−1 ds

from which we can retrace our steps with f replaced by f∗.

The following result will prove useful.

Lemma 3.19 (The co-area formula). The co-area formula states that for a non-negative, L2(Ω)
function f , ∫

Ω

g(x)|∇f(x)| dx =

∫ ∞

0

∫
f−1(t)

g(x) dσ dt.

Here f−1(t) = {x ∈ Ω : f(x) = t} is the N − 1 dimensional level surface.

This is the generalisation of the idea that integrating over all of RN is equivalent to an iterated
integral over the spherical shells which are the level sets of the radius:∫

RN

g(x) dx =

∫ ∞

0

(∫
∂Br(0)

g dσ

)
dr.

In fact this is the co-area formula where f(x) = |x| [8].
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4 Properties of Eigenfunctions and Eigenvalues

With the necessary preliminaries in place we can now say more about the Robin eigenfunctions
and eigenvalues. We start by multiplying the eigenvalue equation (1.6) by the eigenfunction u and
integrating over Ω.

−
∫
Ω

u∇2u dx = λα
∫
Ω

u2 dx.

Integration by parts yields:

−
∫
∂Ω

u∇u · ν dσ +

∫
Ω

∇u · ∇u dx = λα
∫
Ω

u2 dx.

The Robin boundary condition states that on ∂Ω, ∇u · ν = −αu, hence

α

∫
∂Ω

u2 dσ +

∫
Ω

|∇u|2 dx = λα
∫
Ω

u2 dx.

Assuming u ̸≡ 0 then the integral on the right-hand side is positive, meaning

λα(Ω) =

∫
Ω
|∇u|2 dx+ α

∫
∂Ω

|u|2 dσ∫
Ω
|u|2 dx

. (4.1)

4.1 Variational Characterisation

In the following section I have adapted the proofs given for the Dirichlet case in Strauss [38] to the
Robin case. The quotient expression for λα(Ω) in (4.1) motivates the following definition:

Definition 4.1. The Rayleigh Quotient R : H1(Ω) → R is given by:

R[u] =
B[u, u]

(u, u)L2(Ω)
=

∫
Ω
|∇u|2 dx+ α

∫
∂Ω
u2 dσ∫

Ω
u2 dx

. (4.2)

Euler, in his seminal work on the calculus of variations, remarked that

“Since the structure of the universe was made most perfect as designed by the wisest
Creator, nothing in the world will occur in which no maximum or minimum rule is
shining forth.” [33]

The following theorem casts the eigenvalue problem in this light.

Theorem 4.1. 1. The smallest eigenvalue of the Robin Laplacian on Ω, λα1 (Ω), is the minimum
of the Rayleigh quotient over H1(Ω). That is,

λα1 (Ω) = min
u∈H1(Ω)

R[u] = min
u∈H1(Ω)

∫
Ω
|∇u|2 dx+ α

∫
∂Ω
u2 dσ∫

Ω
u2 dx

.

2. The function which minimises the Rayleigh Quotient is an eigenfunction of the Robin Lapla-
cian with corresponding eigenvalue λα1 (Ω).

To prove this the following result will be especially useful, which follows from the first vanishing
theorem in Appendix A.1 of Strauss by taking φ ≡ 1 [38].

Lemma 4.2 (The Fundamental Lemma of the Calculus of Variations). Suppose∫
Ω

fφ dx = 0

for all φ ∈ H1(Ω). Then f = 0 a.e.
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Proof of Theorem 4.1. Suppose that the minimum is attained by some function u and we denote
the corresponding Rayleigh quotient R[u] = m∗. We want to show that −∇2u = m∗u. To do this,
we perturb the Rayleigh quotient’s argument by some small trial function εv ∈ H1(Ω) and use the
fact that

d

dε
R[u+ εv]

∣∣∣
ε=0

= 0.

When we differentiate with respect to ε and set it equal to zero we find that the following
vanishes: (∫

Ω
∇u · ∇v dx

) (∫
Ω
u2 dx

)
−
(∫

Ω
uv dx

) (∫
Ω
|∇u|2 dx

)(∫
Ω
u2 dx

)2
+ α

(∫
Ω
u2 dx

) (∫
∂Ω
uv dσ

)
−
(∫

∂Ω
u2 dσ

) (∫
Ω
uv dx

)(∫
Ω
u2 dx

)2 = 0.

Formidable as this looks, it can be rendered harmless:∫
Ω

∇u · ∇v dx+ α

∫
∂Ω

uv dσ =

(∫
Ω
|∇u|2 dx+ α

∫
∂Ω
u2 dσ∫

Ω
u2 dx

)∫
Ω

uv dx

= m∗
∫
Ω

uv dx.

Integrating the leftmost term by parts gives:[
−
∫
Ω

v∇2u dx+

∫
∂Ω

v
∂u

∂ν
dσ

]
+ α

∫
∂Ω

uv dσ = m∗
∫
Ω

uv dx

⇒
∫
Ω

(
∇2u+m∗u

)
v dx =

∫
∂Ω

(
∂u

∂ν
+ αu

)
v dσ. (4.3)

This is true for all trial functions v but we can make a strategic choice: let v vanish on the boundary.
Then the right-hand term in (4.3) vanishes and we can use Lemma 4.2 to conclude

−∇2u = m∗u

almost everywhere. Then the left-hand side of (4.3) vanishes for all v and relaxing our restriction
on v we see the right-hand side of (4.3) vanishes for all trial functions v so again by Lemma 4.2 we
see that u satisfies the Robin boundary condition as well.
Lastly we have to prove that R[u] = m∗ is the smallest such eigenvalue. Let (uj , λ

α
j ) be any

eigenpair of the Robin Laplacian. Then by the minimality of u,

m∗ ≤
∫
Ω
|∇uj |2 dx+ α

∫
∂Ω
u2j dσ∫

Ω
u2j dx

=

∫
Ω
−uj∇2uj dx+

∫
∂Ω
uj

∂uj

∂ν dσ + α
∫
∂Ω
u2jdσ∫

Ω
u2j dx

=

∫
Ω
−uj∇2uj dx∫

Ω
u2j dx

= λaj . (4.4)

The proof rests on the assumption that the minimum is indeed attained: how reasonable is this?
We proved that any minimiser is an eigenfunction but we can run the proof in reverse and conclude
that any eigenfunction is a minimiser, which we know exists due to the Lax-Milgram theorem.

In the previous proof we can see that the Rayleigh quotient of any eigefunction is its eigenvalue
so we’d like to extend Theorem 4.1 to higher eigenvalues.

Theorem 4.3. 1. Subsequent eigenvalues are given by:

λαn(Ω) = min
{
R[v] : 0 ̸= v ∈ H1(Ω), (v, un−1) = · · · = (v, u1) = 0

}
,

where u1, u2, . . . , un−1 are the eigenfunctions corresponding to eigenvalues λα1 ≤ λα2 ≤ · · · ≤
λαn−1 respectively.
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2. The minimising function is an eigenfunction, un, corresponding to the n−th eigenvalue.

Proof. Let u(x) be a minimiser of the Rayleigh quotient satisfying the orthogonality constraint
and m∗ be the Rayleigh quotient evaluated on u. Proceeding exactly as in the proof of Theorem
4.1 we conclude ∫

Ω

(∇2u+m∗u)v dx = 0, (4.5)

for all trial functions v ∈ H1(Ω) orthogonal to u1, u2, ..., un−1. Although uj for any j = 1, .., n− 1
doesn’t satisfy the same orthogonality condition as v (as it isn’t orthogonal to itself), we see that
it does still satisfy equation (4.5). Using the self-adjointness of the Robin Laplacian (Lemma 3.12)
and orthogonality of u with uj :∫

Ω

(∇2u+m∗u)uj dx = (∇2u, uj) + (m∗u, uj)

= (u,∇2uj) +m∗(u, uj)

= (m∗ − λj)(u, uj) = 0. (4.6)

Now let h(x) be a trial function. Then we define

ṽ(x) := h(x)−
n−1∑
k=1

ckuk(x), ck =
(h, uk)

(uk, uk)
.

Then

(ṽ, uk) =

(
h−

n−1∑
j=1

cjuj , uk

)
= (h, uk)−

n−1∑
j=1

cj(uj , uk)

= (h, uk)−
n−1∑
j=1

cjδjk(uj , uk) = (h, uk)− ck(uk, uk) = (h, uk)− (h, uk)

= 0. (4.7)

Thus ṽ(x) is orthogonal to each eigenfunction uj for j = 1, . . . , n−1 and so it satisfies equation
(4.5):

0 =

∫
Ω

(∇2u+m∗u)ṽ dx

=

∫
Ω

(∇2u+m∗u)

(
h(x)−

n−1∑
k=1

ckuk(x)

)
dx

=

∫
Ω

(∇2u+m∗u)h(x) dx−
n−1∑
k=1

ck

∫
Ω

(∇2u+m∗u)uk(x) dx

=

∫
Ω

(∇2u+m∗u)h(x) dx.

The final equality relies on equation (4.6). Since h(x) was an arbitrary trial function, Lemma 4.2
implies that −∇2u = m∗u.
It remains to show that m∗ = λαn. We know that m∗ is greater than λαj for j = 1, . . . , n− 1 as the
minimum in (4.3) is taken over a smaller set than in Theorem (4.1) so necessarily must be greater.
Now if λαk is an eigenvalue corresponding to uk which is orthogonal to all ui for i = 1, . . . , n − 1
then proceeding exactly as in equation (4.4) we conclude that m∗ ≤ λαk .
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4.2 Monotonicity of the Eigenvalues

We can ask about monotonicity of the eigenvalues with respect to both the boundary parameter
α and the domain Ω. We’ll see that the former is a positive result and provide a counterexample
for the latter.

Firstly, inspection of the variational characterisation

λα1 (Ω) = min
u∈H1(Ω)

R[u] = min
u∈H1(Ω)

∫
Ω
|∇u|2 dx+ α

∫
∂Ω
u2 dσ∫

Ω
u2 dx

answers the first of our questions.

Lemma 4.4. The n-th Robin eigenvalue λαn is a monotonically increasing function of α.

This holds for higher eigenvalues as the space over which we minimise doesn’t affect the rela-
tionship between λα and α.

When introducing the Robin boundary condition we stated that the Dirichlet and Neumann
conditions are the limiting cases of the Robin condition as α → ∞ and α → 0 respectively. We
would like to show that the eigenvalues respect this limiting interpretation. To do this we need a
variational characterisation for the Dirichlet and Neumann eigenvalues. Denoting

R0[v] :=

∫
Ω
|∇v|2 dx∫

Ω
|v|2 dx

,

it is possible to prove in the same fashion as Theorem 4.1 that the Neumann eigenfunctions are
minimisers of R0[v] over H

1(0), while the Dirichlet eigenfunctions are minimisers of R0[v] over the
smaller space H1

0 (Ω) := {u ∈ H1(Ω) : u(x) = 0 for all x ∈ ∂Ω}. Specifically,{
η1 = minH1(Ω)R0[v],

µ1 = minH1
0 (Ω)R0[v].

Lemma 4.5. For α > 0,
η1(Ω) ≤ λα1 (Ω) ≤ µ1(Ω).

Proof. For the first inequality∫
Ω

|∇u|2 dx ≤
∫
Ω

|∇u|2 dx+ α

∫
∂Ω

u2 dσ.

For the second inequality,

min
H1

0 (Ω)

∫
Ω
|∇u|2 dx∫
Ω
u2 dx

= min
H1

0 (Ω)

∫
Ω
|∇u|2 dx+ α

∫
∂Ω
u2 dσ∫

Ω
u2 dx

≥ min
H1(Ω)

∫
Ω
|∇u|2 dx+ α

∫
∂Ω
u2 dσ∫

Ω
u2 dx

,

as the latter minimum is taken over a larger set.

It is in fact possible to show that we recover the Neumann and Dirichlet eigenvalues in the
respective limits α→ 0 and α→ ∞. The former is clear to see from the variational characterisation
however the latter is more delicate and doesn’t necessarily hold for α→ −∞ [30].

We are less fortunate when we turn our attention to the second question. We saw in the Robin
problem on the interval that the first eigenvalue was a decreasing function of the interval half
length. Unfortunately such statements do not hold for Robin eigenvalues in higher dimensions,
while they do in the Dirichlet case.
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Lemma 4.6. The Dirichlet eigenvalues are monotone with respect to their domain. That is, if
Ω1 ⊂ Ω2 such that the closure of Ω1 is a strict subset of the interior of Ω2 then

µ1(Ω1) ≥ µ1(Ω2).

To prove this we need the following extension result from Evans and Gariepy [9].

Theorem 4.7 (Extension Theorem). Suppose Ω1 ⊂ Ω2 such that the closure of Ω1 is a strict
subset of the interior of Ω2. There exists a bounded linear operator E : H1(Ω1) → H1(RN ) such
that

Ef = f

on Ω1 and
sppt(Ef) = {x ∈ RN : Ef(x) = 0} ⊂ Ω2

for all f ∈ H1(Ω1). We call Ef the extension of F .

In essence we cannot simply set Ef to be zero on ∂Ω1 as the discontinuity this introduces might
be so sharp that Ef is no longer weakly differentiable. We need the distance between ∂Ω1 and
∂Ω2 to be positive in order to bring the value of f to zero inside Ω2 so that Ef ∈ H1

0 (Ω2).

Proof. We would like to show that H1
0 (Ω1) ⊂ H1

0 (Ω2). By the extension theorem, any function
f ∈ H1

0 (Ω1) can be extended to Ef ∈ H1(Ω2) which has support contained in Ω2 meaning
Ef ∈ H1

0 (Ω2). Thus we can view any function in H1
0 (Ω1) as the restriction of a function in

H1
0 (Ω2), establishing the inclusion. Then

µ1(Ω1) = min
v∈H1

0 (Ω1)

∫
Ω
|∇2v|2 dx∫
Ω
|v|2 dx

≥ min
v∈H1

0 (Ω2)

∫
Ω
|∇2v|2 dx∫
Ω
|v|2 dx

= µ1(Ω2),

where once again the latter minimum is smaller as it is taken over a larger set.

Before we provide a counter-example, there are specific instances in which we can expect mono-
tonicity of the Robin eigenvalues.

Definition 4.2. A homothety of a set Ω by a constant t > 0 is the set

tΩ := {tx : x ∈ Ω}

Using the variational characterisations of the eigenvalues we see that the Dirichlet and Neumann
eignevalues obey: {

µn(tΩ) = t−2µn(Ω),

ηn(tΩ) = t−2ηn(Ω).

Whereas letting s = 1
tx and noticing that dx = tNds, dσ = tN−1dσ̃ and ∇x = 1

t∇s, we find∫
tΩ

|∇u|2 dx+ tα
∫
∂tΩ

u2 dσ∫
tΩ
u2 dx

=

∫
Ω

1
t2 |∇u|

2tN ds+ tα
∫
∂Ω
u2tN−1 dσ̃∫

Ω
u2tN dx

.

Then taking the infimum over the appropriate space we find

λtαn (tΩ) =
1

t2
λαn(Ω),

where now the boundary parameter comes into play. This lack of clean scaling, along with the
absence of domain monotonicity, is one of the reasons that the Robin problem does not lend itself
to the same treatment as the Dirichlet problem. Although we don’t have monotonicity for general
domains, we do for homothetic domains [15]:
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Figure 8: Domains Ω6 and Ω16

Lemma 4.8. Fix α > 0. Then Robin eigenvalues are monotone with respect to homothetic do-
mains. That is, for t ≥ 1,

λαn(tΩ) ≤ λαn(Ω).

Proof.

λαn(tΩ) =
1

t2
λα/tn (Ω) = min

u∈H1(Ω)

1
t2

∫
Ω
|∇u|2 dx+ α

t3

∫
∂Ω
u2 dσ∫

Ω
u2 dx

≤ min
u∈H1(Ω)

∫
Ω
|∇u|2 dx+ α

∫
∂Ω
u2 dσ∫

Ω
u2 dx

.

Giorgi and Smits provided a counter-example to general domain monotonicity for Robin eigen-
values as follows [12]. First fix α < 0. Then by taking u to be constant in the Rayleigh quotient
we see that

λα1 (Ω) ≤ α
|∂Ω|
|Ω|

.

We can construct a sequence of domains Ωn sandwiched between B1(0) and B2(0) such that
|∂Ωn| → ∞ as n→ ∞, for example those shown in Figure 8. Then for n sufficiently large we have

λα1 (Ωn) < λα1 (B1(0)) < λα1 (B2(0)) < 0,

ruling out any monotonicity for α < 0. Now fix α > 0. Due to the scaling properties of eigenvalues,
there exists an ε > 0 such that

0 < λα1 (B2(0)) < λα1 (B1(0)) < µ1(B1+ε(0)).

Then by Theorem 4.3 of Daners and Dancer [6], there exists a sequence of domains Ωn sandwiched
between B1(0) and B1+ε(0) with |∂Ωn| → ∞ such that

lim
n→∞

λα1 (Ωn) = µ1(B1+ε(0)).

Then for a suitably large n,

0 < λα1 (B2(0)) < λα1 (B1(0)) < λα1 (Ωn).

Thus for no α can we expect domain monotonicity.
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4.3 Nodal Geometry

Recalling that the solutions to the wave equation are Laplacian eigenfunctions multiplied by a
trigonometric function, when we let a membrane vibrate at a pure frequency we see that the
region on which the eigenfunctions vanish persists in time. Physically, if we spread salt on a plate
of shape Ω and vibrate it at a certain frequency, the salt will collect in stationary patterns. This
type of experiment was first conducted by Chladni in the late 19th century and so such plates are
called Chladni plates [26]. Some examples are shown in Figure 9. Equilibrium points where the

Figure 9: Nodal sets on Chladni plates [40]

salt collects have a name.

Definition 4.3. We define for an eigenfunction uk on Ω the nodal set given by

N = {x ∈ Ω : uk(x) = 0}.

We define a connected component of Ω \ N to be a nodal domain on which the eigenfuction
has a sign. On the interval (0, L) the n− th Dirichlet eigenfunction is sin(nπxL ). The set of nodal

points {kL
n : k = 0, . . . , n} contains n + 1 points where a guitar player could place a finger and

not interrupt the vibration of the string. The n−th eigenfunction divides the interval into n nodal
domains; is this always the case?

Theorem 4.9 (Courant’s Nodal Domain Theorem, 1923). The n-th eigenfunction divides the
domain Ω into at most n nodal domains.

We adapt the proof given in Levitin, Mangoubi and Polterovich to the Robin case [26].

Proof. Suppose u is a Robin eigenfunction with eigenvalue λα an that u divides Ω into a disjoint
union of at least k nodal domains, Ω1, . . . ,Ωk,Ωk+1, . . . . We aim to show that λα > λαk . First
define the restriction of u to each of the nodal domains by

ψi(x) :=

{
u(x) x ∈ Ωi,

0 otherwise.

It can be shown that ψi ∈ H1(Ωi). Define Ψ = span{ψ1, . . . , ψk} and let

f :=

k∑
i=1

βiψi ∈ Ψ.

Since dim(Ψ) = k we can choose the coefficients βi in such a way that f is orthogonal to the first
k−1 eigenfunctions. These k−1 restraints leave one degree of freedom to normalise f . Then with
computing the Rayleigh quotient of f in mind,
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∫
Ω

|∇f |2 dx =

k∑
i=1

∫
Ωi

|βi∇ψi|2 dx =

k∑
i=1

β2
i

∫
Ωi

∇ψi · ∇ψi dx

=

k∑
i=1

β2
i

[
−
∫
Ωi

ψi∇2ψi dx+

∫
∂Ωi

ψi
∂ψi

∂ν
dσ

]

=

k∑
i=1

β2
i

[ ∫
Ωi

λαψ2
i dx+

∫
∂Ωi∩∂Ω

ψi
∂ψi

∂ν
dσ +

∫
∂Ωi∩Ω

ψi
∂ψi

∂ν
dσ

]

=

k∑
i=1

[ ∫
Ωi

λα(βiψi)
2 dx− α

∫
∂Ωi∩∂Ω

(βiψi)
2 dσ

]
= λα

∫
Ω

f2 dx− α

∫
∂Ω

f2 dσ.

We’ve used the fact that ψi vanishes on the internal component of ∂Ωi and obeys the Robin
boundary condition on the external component. If we evaluate the Rayleigh quotient at f we
find that R[f ] must be λα. Assume that λα = λαk . As f is a function orthogonal to the first
k − 1 eigenvalues, the Rayleigh quotient of which is λαk , by Theorem 4.3 f is an eigenfunction
with eigenvalue λαk . By Theorem 3.17, this means that f is real analytic on the whole of Ω. But
f |Ωk+1

= 0 ⇒ f ≡ 0 on all of Ω. Therefore an eigenfunction corresponding to λαk has at most k
nodal domains.

Courant’s theorem is powerful as it gives us lots of information about the first two eigenfunc-
tions, summarised in the following corollaries.

Corollary 4.9.1. The first eigenfunction can be chosen to be positive everywhere on Ω.

Corollary 4.9.2. The first eigenvalue is simple.

Proof. Suppose that λ1 has two associated eigenfunctions, u and v. Then they can be chosen to be
orthogonal. But by Corollary 4.9.1 both are positive so their L2 inner-product must be positive,
contradicting their orthogonality.

Corollary 4.9.3. The second eigenfunction has precisely two nodal domains.

Proof. By Courant’s theorem, u2 has at most two nodal domains. By Lemma 3.6, we know that
u1 and u2 are orthogonal. As u1 is positive, u2 must change sign, meaning it has at least two nodal
domains.

Corollary 4.9.4. The first eigenfunction is the only eigenfunction which does not change sign.

4.4 The Minimum Principle

We now collect a minimum principle for the eigenfunctions, following Evans [8]. Recall that a
general elliptic operator has the form

Lu = −
∑
i,j

ai,j∂xi
∂xj

u+
∑
i

bi∂xi
u+ cu,

subject to the ellipticity constraint on aij , equation (3.5). In this setting eigenfunctions are solu-
tions of Lu = 0 where ai,j = δi,j , bi = 0 and c = λ.

Theorem 4.10 (Weak and Strong Minimum Principles).

1. Assume that c ≥ 0 and that u ∈ C2(Ω) ∩ C(Ω). If Lu = 0 in Ω then

min
Ω

|u| = min
∂Ω

|u|.
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2. Assume further that Ω is connected. Then provided Lu ≥ 0, u attaining a nonpositive
minimum over Ω at an interior point implies that u is constant.

The condition Lu ≥ 0 implies that u is a supersolution and the first and second statements
are referred to as weak and strong minimum principles respectively. This is because the latter
implies the former but the former implying the latter relies on the connectedness of Ω. It is not
difficult to imagine a function which is piecewise constant on a disconnected domain and so attains
a minimum at an interior point.

Corollary 4.10.1. If u is a non-constant eigenfunction with positive eigenvalue then u is a con-
tinuous function and the set Ω is compact so u attains a minimum. By part 1 this minimum is
attained on the boundary and by part 2 it is positive.
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5 Shape Optimisation For the Robin Problem

It was first conjectured by Lord Rayleigh in 1877 in his treatise The Theory of Sound [36] that

“If the area of a membrane be given, there must evidently be some form of boundary
for which the pitch (of the principal tone) is the gravest possible, and this form can be
no other than the circle.”

Rayleigh’s conjecture was proven by Faber in two dimensions in 1923 [10] and extended to arbitrary
dimensions by Krahn in 1925 [20]. Krahn’s doctoral supervisor was Courant, who in turn was
supervised by Hilbert.

Theorem 5.1 (Faber-Krahn Inequality, 1925). Let µ1(Ω) be the first Dirichlet eigenvalue on the
bounded domain Ω ⊂ RN and Ω∗ be the ball of equal volume. Then

µ1(Ω) ≥ µ1(Ω
∗) (5.1)

with equality holding only for the ball.

An analogous result was later proved for the maximisation of the first non-trivial Neumann
eigenvalue, first in two dimensions by Szegö in 1954 [39] and then in higher dimensions by Wein-
berger in 1956 [42]. As we’ve seen repeatedly, the Robin problem is not amenable to the same
techniques as the Dirichlet problem and so it took until 1986 for the two-dimensional analogue to
be proven by Bossel [3] and another two decades for the higher dimensional extension courtesy of
Daners [7]. Both these results hold only for α > 0.

5.1 The First Robin Eigenvalue

The proof given below is that of Daners [7]. I have tried to provide additional insight and to make
the presentation clearer.

Theorem 5.2 (Bossel-Daners Inequality, 2006). Let α > 0 and Ω be a bounded, Lipschitz domain
in RN . If Ω∗ is the ball with |Ω∗| = |Ω|, then

λα1 (Ω) ≥ λα1 (Ω
∗).

The proof will come in two acts. Firstly, we define a functional of the level sets of the first
eigenfunction and establish a lower bound for the first eigenvalue on Ω. Then we will use a
rearrangement argument to establish an upper bound for the first eigenvalue on the ball, then
conclude by matching the bounds up.

Denote the eigenfunction corresponding to λα1 (Ω) by u. Then we can choose for u to be positive
inside Ω due to Corollary 4.9.1 and we are free to normalise so that ||u||∞ = 1. Denote

m = min
x∈Ω

u(x).

Then by Theorem 4.10, m > 0 and is attained on ∂Ω. Consider the level sets of u, denoted
Ut = {x ∈ Ω : u(x) > t}, which are open as u is continuous in Ω by Theorem 3.17. The boundary
of each Ut has an internal component and an external one:

St := {x ∈ Ω : u(x) = t}

is the level surface and so the interior boundary component. The external boundary component is
Γt := ∂Ut ∩ ∂Ω. Furthermore St = ∅ for t /∈ (m, 1]. For a positive function φ ∈ C(Ω) and a level
set Ut ⊂ Ω with positive measure, we define the functional

HΩ[Ut, φ] :=
1

|Ut|

(∫
St

φdσ + α|Γt| −
∫
Ut

φ2 dx

)
.

Though a little contrived, we immediately see its use in the following lemma.
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Lemma 5.3. For all t ∈ (m, 1) such that |Ut| > 0, we have

λα1 (Ω) = HΩ

[
Ut,

|∇u|
u

]
.

Proof. Multiplying the equation −∇2u = λα1u by 1/u and integrating over Ut gives:

λα1 |Ut| =
∫
Ut

λα1 dx = −
∫
Ut

1

u
∇2u dx =

∫
Ut

∇u · ∇
(
1

u

)
dx−

∫
∂Ut

1

u
∇u · ν dσ

= −
∫
Ut

(
|∇u|
u

)2

dx−
∫
Γt

1

u

∂u

∂ν
dσ −

∫
St

1

u

∂u

∂ν
dσ.

As Γt is the external boundary, the Robin condition implies that 1
u

∂u
∂ν = −α. Using the fact that

∇u is normal to level surfaces of u, ∇u · ν = −|∇u| on the internal boundary St. The reason for
the sign is that ν points out from the level surfaces whereas by definition u attains a minimum
over Ut on St meaning ∇u points inwards. Thus

λα1 |Ut| = −
∫
Ut

(
|∇u|
u

)2

dx+ α|Γt|+
∫
St

|∇u|
u

dσ,

finishing the proof.

We can relate our functional H on any function to the first eigenvalue.

Theorem 5.4. Let φ ∈ C(Ω) be non-negative and set

w := φ− |∇u|
u

.

Then for almost all t ∈ (m, 1),

HΩ[Ut, φ] = λα1 (Ω) +
1

|Ut|

(∫
St

w dσ − 2

∫ 1

t

1

τ

∫
Sτ

w dσ dτ −
∫
Ut

w2 dx

)
.

Proof. We begin by noting that

φ2 = w2 + 2
w

u
|∇u|+ |∇u|2

u2
.

Then using the above expression,

HΩ[Ut, φ] =
1

|Ut|

{∫
St

(
w +

|∇u|
u

)
dσ + α|Γt|

−
∫
Ut

(
w2 + 2

w

u
|∇u|+ |∇u|2

u2

)
dx

}
.

We collect the three terms independent of w and use Lemma 5.3 to conclude

HΩ[Ut, φ] = λα1 (Ω) +
1

|Ut|

(∫
St

w dσ −
∫
Ut

w2 dx− 2

∫
Ut

w

u
|∇u| dx

)
.

Then the lattermost term can be treated with the co-area formula, Lemma 3.19, as u−1(τ) = Sτ :∫
Ut

w

u
|∇u| dx =

∫ 1

t

∫
Sτ

w

u
dσ dτ =

∫ 1

t

1

τ

∫
Sτ

w dσ dτ, (5.2)

using the fact that u = τ on Sτ . Recombining gives the desired result.
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Denote the set of functions which are less than the boundary parameter α in some small
neigbourhood of the boundary by

Mα :=

{
f ∈ C(Ω) : lim sup

x→z
f(x) ≤ α ∀z ∈ ∂Ω

}
.

Let us establish a lower bound for λα1 (Ω). Then later we hope to show that the same bound
lies above λα1 (B).

Theorem 5.5. With the above notation, for all φ ∈Mα there exists t ∈ (m, 1) such that

λα1 (Ω) ≥ HΩ[Ut, φ].

Corollary 5.5.1.
λα1 (Ω) ≥ inf

t∈(m,1)
HΩ[Ut, φ]

for all φ ∈Mα.

To prove this we will need a few ingredients. First we need a relationship between the measure
of the level surfaces and the surface measure of ∂Ω.

Lemma 5.6. There exist c > 0 and t1 ∈ (m, 1) such that |St| ≤ c |∂Ω| for all t ∈ (m, t1].

The proof of this involves approximating the surface St by open cubes and establishing an
inequality between the surface measure of each cube and the surface measure of ∂Ω using the
inverse function theorem. Then using the compactness of St, we conclude that the cover must
have a finite subcover and so we can sum over finitely many cubes to bound the surface measure
of St.

Next we treat the term in equation (5.2). We will need the definition of absolute continuity, a
stronger property than uniform continuity [37].

Definition 5.1. A function f : R → R is absolutely continuous if for all ε > 0 there exists δ > 0
such that for any finite collection of non-empty, pairwise disjoint intervals {(xk, yk)}mk=1 with total
length less than δ, that is

m∑
k=1

|yk − xk| < δ,

the total difference between the function values at the endpoints is less than ε, that is

m∑
k=1

|f(yk)− f(xk)| < ε.

Then thanks to Theorem 8.18 of [37], we can reformulate this more easily as f : [a, b] → R is
absolutely continuous if and only if f(x) = f(a) +

∫ x

a
f ′(t) dt and f ′ ∈ L1((a, b)).

Lemma 5.7. Suppose φ ∈ C(Ω) ∩ L1
loc(Ω) is non-negative. Let w be as in Lemma 5.4 and define

F (t) :=

∫ 1

t

1

τ

∫
Sτ

w dσ dτ

for t ∈ (m, 1). Then F is absolutely continuous on [ε, 1) for all ε ∈ (0, 1) and by the Fundamental
Theorem of Calculus,

d

dt
F (t) = −1

t

∫
St

w dσ,

for almost all t ∈ (0, 1).
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Proof. As

F (t) =

∫ 1

t

f(τ) dτ

where

f(τ) :=
1

τ

∫
Sτ

w dσ,

F is absolutely continuous provided f is integrable on (0, 1). Fix ε > 0.

f(τ) =
1

τ

∫
Sτ

w dσ =
1

τ

∫
Sτ

φdσ − 1

τ

∫
Sτ

|∇u|
u

dσ. (5.3)

We now show that both terms on the right-hand side are integrable on (ε, 1). The function φ is

locally integrable by hypothesis and |∇u|
u is bounded on Uε as u ∈ (ε, 1] and |∇u| is a continuous

function on a compact set. By the co-area formula,∫ 1

ε

1

τ

∫
Sτ

φdσ dτ =

∫
Uε

φ

u
|∇u| dx <∞.

Doing the same for the second term in equation (5.3), we obtain∫ 1

ε

1

τ

∫
St

|∇u|
u

dσ dτ =

∫
Uε

|∇u|2

u2
dx <∞.

It follows that f(τ) ∈ L1((0, 1)) and so F (t) is absolutely continuous on [ε, 1) and differentiable
almost everywhere with derivative

F ′(t) = −f(t) = −1

t

∫
St

w dx.

As ε > 0 was arbitrary the claim holds for almost all t ∈ (0, 1).

Lastly we will need to be able to bound w close to the boundary.

Lemma 5.8. Let φ ∈Mα. Then for all ε > 0 there exists δ > 0 such that when d(x, ∂Ω) < δ,

φ(x) ≤ ε+
|∇u|
u

.

Phrased differently, w(x) ≤ ε.

Proof. Let φ ∈ Mα and let ε > 0. Then |∇u|
u is continuous on Ω and so is uniformly continuous

on Ω which is compact so there exists δ0 > 0 such that∣∣∣∣ |∇u(x)|u(x)
− |∇u(z)|

u(z)

∣∣∣∣ < ε

2
(5.4)

for all x, z ∈ Ω with |x−z| < δ0. Since φ ∈Mα, lim supx→z φ(x) ≤ α. Therefore there exists r > 0
such that sup{φ(x) : x ∈ Ω, |x− z| < r} ≤ α+ ε

2 for all z ∈ ∂Ω. So

φ(x)− α ≤ ε

2
(5.5)

for all x ∈ Ω within r of the boundary. Let δ := min{δ0, r}. By the boundary condition and the
Cauchy-Schwarz inequality:

−αu = ∇u · ν ⇒ αu = |∇u · ν| ≤ |∇u| ⇒ α ≤ |∇u|
u

. (5.6)
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Putting it all together we see

w(x) = φ(x)− |∇u(x)|
u(x)

= φ(x)− α+ α− |∇u(x)|
u(x)

(I)

≤ ε

2
+ α− |∇u(x)|

u(x)

(II)

≤ ε

2
+

|∇u(z)|
u(z)

− |∇u(x)|
u(x)

(III)

≤ ε

2
+
ε

2
= ε.

Where inequality (I) follows from equation (5.5) as x is within r of ∂Ω, (II) follows from equation
(5.6) for any z ∈ ∂Ω and (III) follows from equation (5.4) as d(x, ∂Ω) < δ0.

Armed with Lemmas 5.7 and 5.8, we are equipped to prove Theorem 5.5.

Proof of Theorem 5.5. Suppose for contradiction that there exists φ ∈ Mα such that λα1 (Ω) <
HΩ[Ut, φ] for all t ∈ (m, 1). Then with w and F as above, by Theorem 5.4

λα1 (Ω) < HΩ[Ut, φ] = λα1 (Ω) +
1

|Ut|

(∫
St

w dσ − 2F (t)−
∫
Ut

w2 dx

)
⇒ 2F (t) <

∫
St

w dσ −
∫
Ut

w2 dx

for almost all t ∈ (m, 1). By Lemma 5.7,

d

dt

(
t2F (t)

)
= t

(
−
∫
St

w dσ + 2F (t)

)
< −t

∫
Ut

w2 dx ≤ 0,

for almost all t ∈ (m, 1) so the function t2F (t) is strictly decreasing on (m, 1). As F (1) = 0 and F
is continuous there exist l > 0 and t0 ∈ (m, 1) such that F (t) > l for all t ∈ (m, t0]. We show that
this contradicts the assumption φ ∈ Mα. By Lemma 5.6 there exist t1 ∈ (m, t0] and c > 0 such
that |St| ≤ c |∂Ω| for all t ∈ (m, t1]. Letting ε = l

c|∂Ω| , by Lemma 5.8 there exists a δ > 0 such

that w(x) ≤ ε for all x ∈ Ω within δ of ∂Ω. Since u attains a strict minimum on ∂Ω there exists
t ∈ (m, t1] such that d(x, ∂Ω) < δ for all x ∈ St. In essence, we can choose a t small enough that
the level surface St is contained entirely within the δ−strip attached to the boundary. Then

0 < 2l < 2F (t) <

∫
St

w dσ ≤
∫
St

ε dσ = ε|St| ≤ εc|∂Ω| = l,

but 0 < 2l < l is clearly a contradiction, completing the proof.

Now begins the second act. From now on all balls will be centred at the origin by translational
symmetry of the Laplacian and Ω∗ is the symmetric rearrangement of Ω. The first eigenfunction
and eigenvalue on Ω∗ are denoted u∗ and λα1 (Ω

∗) respectively. As before we can normalise so that
u∗ > 0 and ||u∗||∞ = 1. As u∗ is radially symmetric it is constant on ∂Ω∗. This means that on
the boundary

∂u∗

∂ν
= −|∇u∗| = −αu∗ ⇒ |∇u∗|

u∗
∈Mα. (5.7)

We’ve used once again the argument that u∗ obtains a minimum on the boundary and so ∇u∗ and

ν point in opposite directions. |∇u∗|
u∗ inherits radial symmetry from u∗ and so we define the radial

function:

g(|x|) := |∇u∗(x)|
u∗(x)

.
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Lemma 5.9. The function defined above,

g : (0, R) → (0,∞),

where R is the radius of Ω∗, is strictly increasing.

Referring back to Section 2.5, eigenfunctions on the ball are given by Bessel functions. An
encyclopedic account of properties of Bessel functions is given by Watson in [41], including the
property stated above.

We need a way to communicate between functions on Ω∗ and functions on Ω. Let r : [m, 1] →
[0, R] be the function such that U∗

t = Br(t) is the symmetric rearrangement of Ut. Explicitly
ωNr(t)

N = |Ut|. With this definition, r(m) = R and r(1) = 0.
We construct a rearrangement of |∇u∗(x)|/u∗(x) that lives in Mα. Define

ϕ : Ω → (0,∞)

: x 7→ g(r(u(x))).

Let’s unpack this definition. u : Ω → (m, 1] is the eigenfunction on Ω which maps x ∈ Ω to some
t ∈ (m, 1], meaning x ∈ St which is the boundary of Ut. The symmetric rearrangement of Ut has
radius r(t) and the function |∇u∗|/u∗ evaluated anywhere on U∗

t has value g(r(t)).

Lemma 5.10. The function ϕ belongs to Mα. Furthermore,

λα1 (Ω
∗) = HΩ∗

[
U∗
t ,

|∇u∗|
u∗

]
≤ HΩ[Ut, ϕ]

for all t ∈ (m, 1).

Proof. Since g is increasing (by Lemma 5.9), {x ∈ Ω : ϕ(x) > t} = Ω \ Ūt and {x ∈ Ω : ϕ(x) < t}
are open in Ω for each t ∈ R meaning ϕ is continuous on Ω. Since g is increasing and g(R) = α by
equation (5.7), ϕ(x) ≤ α for all x ∈ Ω so ϕ ∈Mα. Notice that this relies on the positivity of α.

The first equality follows from Lemma 5.3. By construction the level sets of ϕ, Ut, and the level

sets of |∇u∗|
u∗ , U∗

t , have equal measure so∫
Ut

ϕ2 dx =

∫
U∗

t

(
|∇u∗|
u∗

)2

dx (5.8)

for all t ∈ (m, 1). The isoperimetric inequality asserts that the ball has minimal surface area among
domains of equal volume so |∂U∗

t | ≤ |∂Ut| for all t ∈ (m, 1]. Since ϕ(x) = g(r(t)) ≤ α on Ω we
have: ∫

∂U∗
t

|∇u∗|
u∗

dσ = g(r(t))|∂U∗
t |

≤ g(r(t))|∂Ut|
= g(r(t))(|Γt|+ |St|)

= g(r(t))|Γt|+
∫
St

g(r(t)) dσ

≤ α|Γt|+
∫
St

ϕdσ. (5.9)

Now compare the definitions:

HΩ[Ut, ϕ] =
1

|Ut|

(∫
St

ϕdσ + α|Γt| −
∫
Ut

ϕ2 dx

)
(5.10)

HB

[
Br(t),

|∇u∗|
u∗

]
=

1

|Br(t)|

(∫
∂Br(t)

|∇u∗|
u∗

dσ −
∫
Br(t)

(
|∇u∗|
u∗

)2

dx

)
. (5.11)

The prefactors are equal, by equation (5.8) the final term in each line is equal, and inequality (5.9)
finishes the proof.
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Finally, we bring these results together to prove the Bossel-Daners inequality.

Proof of Theorem 5.2. This is just a matter of combining the ingredients. Assume that Ω is a
bounded domain of class C2. If ϕ ∈Mα(Ω) is the function we defined previously then by Theorem
5.5 there exists a t ∈ (m, 1) such that λ1(Ω) ≥ HΩ[Ut, ϕ]. But then Lemma 5.10 implies

λ1(Ω) ≥ HΩ[Ut, ϕ] ≥ HB [B(r(t)), ϕ∗] = λα1 (BR).

The proof can be extended to Lipschitz domains using an approximation of the domain by a
sequence of C∞ domains.

It was conjectured by Bareket that the optimising domain of the Faber-Krahn, Szego- Wein-
berger and Bossel-Daners inequalities, i.e., the ball, was the same for the α < 0 regime. However,
a counter-example from Freitas and Krejčǐrik in 2015 disproved this [11]. Recall that for α < 0,
λα1 (Ω) < 0 and so we seek maximising domains.

Theorem 5.11 (Freitas-Krejcirik, 2015). Let α < 0. Given a ball Br of radius r, there exist r1
and r2 with r1 < r2 such that the spherical shell

Sr1,r2 := {x ∈ RN : r1 < |x| < r2}

with the same volume of Br satisfies λα1 (Br) < λα1 (Sr1,r2) for all α < 0 sufficiently large in modulus.

The proof uses the asymptotic expansion of λα1 (Ω) for α → −∞ for Ω being a ball and Ω
being a spherical shell. It then shows that for α sufficiently large, the latter domain has a larger
eigenvalue. However it was also shown in the same paper that the Bareket conjecture holds in R2

for α sufficiently close to zero:

Theorem 5.12 (Freitas-Krejcirik, 2015). Let Ω ⊂ R2 be a bounded Lipschitz domain and Ω∗ be
the symmetric rearrangement. Then there exists α∗ < 0 depending on |Ω| such that

λα1 (Ω) ≤ λα1 (B)

for all α ∈ [α∗, 0].

In R2 there are maximisers for α sufficiently small and large in modulus which begs the ques-
tions: do these regimes seamlessly transition i.e.,for all α < α∗ where α∗ is minimal do we have
that the annulus is the maximiser? The question remains open.

5.2 The Second Robin Eigenvalue

Now turning to the second eigenvalue, we look once again to the Dirichlet problem for inspiration
and the following theorem due to Krahn [21] and Szegö [35].

Theorem 5.13 (Krahn-Szegö, 1926). If Ω ⊂ RN is a domain and D is the disjoint union of two
balls, each with volume |Ω|/2, then

µ2(Ω) ≥ µ2(D).

We provide the proof included in [18].

Proof. Let v be a Dirichlet eigenfunction with eigenvalue µ2(Ω). Denote the nodal domains of v
by

Ω+ := {x ∈ Ω : v(x) > 0},
Ω− := {x ∈ Ω : v(x) < 0}.

By Corollary 4.9.3, both sets are non-empty and connected. Then considering the restriction of
v to Ω+, v is an eigenfunction that doesn’t change sign on Ω+ so µ2(Ω) = µ1(Ω

+) since the only
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eigenfunction which doesn’t change sign is the first. Then by the Faber-Krahn inequality (Theorem
5.1), µ1(Ω

+) ≥ µ1(B
+) where B+ is the ball with volume equal to Ω+. By the same reasoning, if

B− is the ball with volume equal to Ω− then µ2(Ω) ≥ µ1(B
+). Thus

µ2(Ω) ≥ max{µ1(B
+), µ1(B

−)}.

The right-hand side is minimised when the eigenvalues are equal, that is when the balls have equal
volume. Let B be the ball with volume |Ω|/2 and D = B ⊔B. Then

µ2(Ω) ≥ µ1(B) = µ1(D) = µ2(D).

This is a specific example of the broader Wolf-Keller theorem for Dirichlet eigenvalues which
states that if an eigenvalue µn(Ω) is minimised on a disconnected domain Ω then each of the
connected components is a minimiser for a lower eigenvalue [43]. The same result holds for the
Neumann eigenvalues [34] but it remains open for Robin eigenvalues. The following theorem of
Kennedy fails to provide a counterexample, proved by Kennedy in his PhD thesis, whose doctoral
supervisor was Daners. We follow Kennedy’s proof [18].

Theorem 5.14 (Kennedy, 2009). If Ω ⊂ RN is a domain and D is the disjoint union of two balls,
each with volume |Ω|/2, then

λα2 (Ω) ≥ λα2 (D).

At first glance, it seems that we can recycle the proof for the Dirichlet case. However, the
Bossel-Daners inequality (Theorem 5.2) applies only to Lipschitz domains and we do not know a
priori whether the nodal domains are Lipschitz.

Assume Ω is a connected domain. Let u be an eigenfunction corresponding to the second
eigenvalue λ2(Ω). By Corollary 4.9.1, as Ω is connected, u changes sign inside Ω so that the sets

Ω+ = {x ∈ Ω : u(x) > 0},
Ω− = {x ∈ Ω : u(x) < 0}.

are non-empty. Let

u+ = max{u, 0}, u− = min{u, 0}

be the non-negative and non-positive parts of u respectively. Let B+ and B− be the respective
symmetric rearrangements of Ω+ and Ω−. Exactly as above our aim is to show that

λα2 (Ω) ≥ max{λα1 (B+), λα1 (B
−)}.

Without loss of generality we will prove that λα2 (Ω) ≥ λα1 (B
+). Problems arise where the nodal

set meets the boundary as at such points the Robin condition implies ∂u
∂ν = 0. To rectify this we

attach a thin strip to Ω+ near ∂Ω. Let ε > 0 and choose δ > 0 such that the strip attached to the
boundary,

Sε := {x ∈ Ω : d(x, ∂Ω) < δ}
has volume less than ε. Define the union of the strip and the nodal domain by Uε := Ω+ ∪ Sε.
Then ∂Uε has an internal and external component: ∂Ω ⊂ ∂Uε is the external part and define the
internal boundary by Γε := ∂Uε \ ∂Ω. Observe that every point on Γε is at least a distance δ from
∂Ω. A demonstration of the sets is given in Figure 10.

Now consider the eigenvalue problem on Uε:
−∇2u = λαu in Uε,
∂u
∂ν + αu = 0 on ∂Ω,

u = 0 on Γε.

(5.12)
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Figure 10: The sets Ω+, Sε, Uε and ∂Uε.

We denote the space of weak solutions to (5.12) byHUε
which is given by the closure of C∞

c (Uε∪∂Ω).
Then the problem (5.12) has a smallest eigenvalue, say Λα

1 , which is given by the Rayleigh quotient:

Λα
1 (Uε) = inf

v∈HUε

∫
Uε

|∇v|2 dx+ α
∫
∂Ω
v2 dσ∫

Uε
v2 dx

. (5.13)

Lemma 5.15. For all ε > 0,

λα2 (Ω) =

∫
Uε

|∇u+|2 dx+ α
∫
∂Ω

(u+)2 dσ∫
Uε
(u+)2 dx

.

Proof. Multiplying the eigenvalue equation by an arbitrary ϕ ∈ H1(Ω) and integrating over Ω, we
see that λα2 (Ω) satisfies the weak formulation:∫

Ω

∇u · ∇ϕdx+ α

∫
∂Ω

uϕ dσ = λα2 (Ω)

∫
Ω

uϕ dx. (5.14)

Letting ϕ = u+ ∈ H1(Ω) be the trial function, we use that u+ either agrees with u or vanishes so
that

∇u+ · ∇u = |∇u+|2, uu+ = (u+)2.

Since Ω+ ̸= ∅, the L2 norm of u+, is positive and so by rearranging equation (5.14),

λα2 (Ω) =

∫
Ω
|∇u+|2 dx+ α

∫
∂Ω

(u+)2 dσ∫
Ω
(u+)2 dx

.

But as the integrands of the volume integrals are non-zero only on Ω+ ⊂ Uε, we can restrict the
domains from Ω to Uε for any ε > 0.

Lemma 5.16. For all ε > 0,
λα2 (Ω) ≥ Λα

1 (Uε).

Proof. This follows from Lemma 5.15 and the variational characterisation in equation (5.13), pro-
vided u+ ∈ HUε . This is shown in [18] using the fact that HUε is closed and expressing u+ as the
limit of functions in HUε .

As Γε may not be smooth, we approximate Uε by a sequence of smooth domains Un ⊂ Uε such
that Λα

1 (Un) → Λα
1 (Uε).

Lemma 5.17. There exists a sequence of Lipschitz domains Un ⊂ Uε such that for all n,

1. ∂Ω ⊂ ∂Un,

51



2. d(∂Ω, ∂Un \ ∂Ω) > 0,

and as n→ ∞,

3. |Uε \ Un| → 0,

4. Λ1(Un) → Λ1(Uε).

Tools established, we are now prepared to prove Theorem 5.14. The proof will take the form of
two limiting arguments: first, we approximate Uε by a sequence of Lipschitz domains Un so that
we can use the Bossel-Daners inequality which is preserved in the limit n→ ∞. Then we combine
this with the inequality from Lemma 5.16 and take the limit ε → 0 to make a conclusion about
the original domain.

Proof of Theorem 5.14. We can choose a sequence of Lipschitz domains Un as per Lemma 5.17
and consider the Robin problem on Un. As ∂Un is Lipschitz, the Bossel-Daners inequality holds.
Let Bn be the symmetric rearrangement of Un. Then Theorem 5.2 states that

λα1 (Bn) ≤ λα1 (Un)

for all n ∈ N. Since HUn
⊂ H1(Un) we can compare the variational formulations of

λα1 (Un) = min
v∈H1(Un)

∫
Un

|∇v|2 dx+ α
∫
∂Ω
v2 dσ∫

Un
v2 dx

,

Λα
1 (Un) = min

v∈HUn

∫
Un

|∇v|2 dx+ α
∫
∂Ω
v2 dσ∫

Un
v2 dx

and use the fact that the former minimum is taken over a larger set to conclude that

Λα
1 (Un) ≥ λα1 (Un) ≥ λα1 (Bn). (5.15)

Let Bε be the symmetric rearrangment of Uε. Then using Lemma 5.17 part 3,

|Un| → |Uε| as n→ ∞ ⇒ |Bn| → |Bε| as n→ ∞.

As the first eigenvalue on the ball is a continuous function of its radius (as Bessel functions are con-
tinuous), λα1 (Bn) → λα1 (Bε). The previous lemma also tells us that Λα

1 (Un) → Λα
1 (Uε). Therefore,

taking the limit of inequality (5.15) as n→ ∞, we see that

Λα
1 (Uε) ≥ λα1 (Bε). (5.16)

Finally, we shrink the strip Sε by sending ε → 0. Then |Uε| → |Ω+| meaning that the symmetric
rearrangements follow |Bε| → |B+|. Again the continuity of eigenvalue with respect to radius
means that λα1 (Bε) → λα1 (B

+). Then Lemma 5.16 states that λα2 (Ω) ≥ Λα
1 (Uε) which is bounded

below by λα1 (Bε) by equation (5.16). Taking the limit as ε→ 0 gives

λα2 (Ω) ≥ λα1 (B
+),

which proves the theorem as per our previous remark.

Lemma 5.18. We can remove the assumption of connectedness in Theorem 5.14.

Proof. Let Ω be a disconnected domain. Then either λα2 (Ω) = λα2 (Ω0) for some connected compo-
nent Ω0 of Ω or there exist disjoint connected components Ω1, Ω2 of Ω such that

λα1 (Ω1) = λα1 (Ω) ≤ λα2 (Ω) = λα1 (Ω2).
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In the first case, Ω0 is a connected domain to which we can apply Theorem 5.14. Then

λα2 (Ω) = λα2 (Ω0) ≥ λα2 (D
′) ≥ λα2 (D)

where D′ is the disjoint union of two balls, each with half the volume of Ω0 and D is the disjoint
union of two balls, each with half the volume of Ω. The final inequality follows from the mono-
tonicity with respect to homothetic scaling, Lemma 4.8. In the second case, λα2 (Ω) = λα1 (Ω2) ≥
λα1 (B2) where B2 is the symmetric rearrangement of Ω2 by the Bossel-Daners inequality. Similarly
λα2 (Ω) ≥ λα1 (Ω1) ≥ λα1 (B1). Therefore arguing as before,

λα2 (Ω) ≥ max{λα1 (B1), λ
α
1 (B2)}

and the right-hand side is minimised when both eigenvalues are equal i.e., when B1 and B2 have
equal volume and so

λα2 (Ω) ≥ λα1 (D) = λα2 (D),

finishing the proof.

The minimising domain is disconnected so it might be reasonable to seek a minimising domain
among connected domains, however no such minimiser exists. Let’s connect up the disjoint balls in
our domain D = B1∪B2 with a thin cylinder Cn with volume 1/n to create a connected ‘dumbbell
domain’ Ωn, shown in Figure 11. The cylinder Cn must be constructed from the balls so that
|Ωn| = |B1 ∪ B2| and the boundary is still Lipschitz. Then as shown in [6], λα2 (Ωn) → λα2 (D) as
n → ∞, meaning that no connected minimiser can exist. For any candidate Ω∗, there would be
some n ∈ N sufficiently large that λα2 (Ω

∗) > λα2 (Ωn).

Figure 11: The domain Ωn
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6 Concluding Remarks

In Section 2.2 we proved that the cube extremises the first Robin eigenvalue among boxes of fixed
volume as later on we would seek a minimiser when relaxing the box constraint. However due to
the semi-explicit expression for the eigenvalues on a box, much more can be said and Laugesen
collects many more results in [25] concerning the second Robin eigenvalue, such as convexity and
monotonicity of λα2 (Ω) and the spectral gap λα2 (Ω)−λα1 (Ω). These results can be used to partially
answer the question first posed by Mark Kac in 1966, ‘Can One Hear the Shape of a Drum?’ [17].
The question is an inverse spectral one: does the spectrum of the Laplacian uniquely determine
its domain? In general Rn this question was already settled in 1964 when Milnor provided a
pair of isospectral 16-dimensional tori [32]. It took until 1992 for a counterexample in R2 to be
found. Gordon, Webb, and Wolpert constructed a pair of planar isospectral domains using a group
theoretic argument by gluing together seven triangles in two different ways [14]. However these
are examples of the Dirichlet and Neumann Laplacian and it was suggested by Arendt, ter Elst,
and Kennedy in [1] that

‘it may well be the case that one can hear the shape of a drum after all, if one loosens
the membrane before striking it.’

Laugesen proved that from the first two Robin eigenvalues on the rectangle in R2 we can recover
the dimensions of the rectangle, giving a positive answer to Kac’s question. The Robin condition
with α ̸= 0 is essential as no pre-specified number of Neumann eigenvalues can determine the
dimensions of a rectangle [25]. The simplicity of the domain means that we only need the first two
tones, whereas most results in this field require the entire spectrum. For example, it is possible to
hear the area of a planar domain given the entire spectrum, thanks to Weyl’s law [38]:

Theorem 6.1 (Weyl’s Law, 1911). For a domain Ω ⊂ R2, the Dirichlet eigenvalues obey

lim
n→∞

µn

n
=

4π

|Ω|
.

McCartin has provided a thorough account of the spectrum of the Laplacian on the equilateral
triangle and completely determined the domains on which eigenfunctions can be expressed as a
finite series of trigonometric functions. These are domains which are constructed as the finite
tilings of isosceles right-angled triangles and ‘semi-equilateral’ (π/2, π/3, π/6) triangles [31].

The results for the extremisation of Robin eigenvalues on polygonal domains are incredibly
recent (2019, 2023, 2024) and there are still many open questions concerning both the global
extremisers and also whether the regular N -gon is the extremiser among N -gons of fixed area.

The variational characterisation of the eigenvalues in facts extends to general elliptic operators,
as each elliptic operator has an associated bilinear form and so an associated Rayleigh quotient,
B[u, u]/(u, u), which is minimised by an eigenfunction. The basic conclusions we drew about the
existence and positivity of the first eigenfunction and the simplicity of the first eigenvalue hold still
for non-self-adjoint operators, in particular when the first eigenvalue is not necessarily real [8].

Regarding the monotonicity of the eigenvalues with respect to domain, Giorgi and Smits proved
several positive results such as monotonicity with respect to a ball enclosing the domain [12].

Nodal geometry is a rich field and we touched only briefly on nodal domains. If an eigenfunction
attains the upper bound of nodal domains then its eigenvalue is referred to as Courant sharp and
Pleijel’s theorem tells us that for a fixed domain only finitely many Dirichlet eigenvalues are
Courant sharp [26].

All of these are avenues I was interested to explore, if not limited by either the time constraints
of the project or the limits which the Robin condition imposes on mathematical progress. Mathe-
matics progresses through a process of generalisation, where new discoveries over time become the
special cases and examples, and are replaced by more general overarching structures. While it is
valuable to explore the special cases in depth, as these are where we can conclude the most, it is
equally valuable to take inspiration from these examples to discover more about the general case.
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I hope this approach has been evident, both in the progression from explicit symmetric domains
to general ones, and in my treatment of the Dirichlet and Neumann problems being special cases
of the more general the Robin problem.
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de l’École Polytechnique 22 (1833), pp. 194–251.

[24] James Larsen-Scott and Julie Clutterbuck. “Local spectral optimisation for Robin problems
with negative boundary parameter on quadrilaterals”. In: J. Math. Phys. 65.3 (2024), Paper
No. 031505, 20. issn: 0022-2488,1089-7658.

[25] Richard Laugesen. “The Robin Laplacian—Spectral conjectures, rectangular theorems”. In:
J. Math. Phys. 60.12 (2019), pp. 121507, 31. issn: 0022-2488,1089-7658.

[26] Michael Levitin, Dan Mangoubi, and Iosif Polterovich. Topics in spectral geometry. Vol. 237.
Graduate Studies in Mathematics. American Mathematical Society, Providence, RI, 2023,
pp. xviii+325. isbn: 9781470475253.

[27] Brian McCartin. “Eigenstructure of the equilateral triangle. I. The Dirichlet problem”. In:
SIAM Rev. 45.2 (2003), pp. 267–287.

[28] Brian McCartin. “Eigenstructure of the equilateral triangle. II. The Neumann problem”. In:
Math. Probl. Eng. 8.6 (2002), pp. 517–539. issn: 1024-123X,1563-5147.

[29] Brian McCartin. “Eigenstructure of the equilateral triangle. III. The Robin problem”. In:
Int. J. Math. Math. Sci. 13-16 (2004), pp. 807–825. issn: 0161-1712,1687-0425.

[30] Brian McCartin. “Eigenstructure of the equilateral triangle. IV. The absorbing boundary”.
In: Int. J. Pure Appl. Math. 37.3 (2007), pp. 395–422. issn: 1311-8080,1314-3395.

[31] Brian McCartin. Laplacian eigenstructure of the equilateral triangle. Hikari Ltd., Ruse, 2011.
isbn: 978-954-91999-6-3.

[32] John Milnor. “Eigenvalues of the Laplace operator on certain manifolds”. In: Proc. Nat.
Acad. Sci. U.S.A. 51 (1964), p. 542.

[33] Dora Musielak. Dido’s Problem. When a myth of ancient literature became a problem of
variational calculus. 2023. arXiv: 2301.02917 [math.HO]. url: https://arxiv.org/abs/
2301.02917.

[34] Guillaume Poliquin and Guillaume Roy-Fortin. “Wolf-Keller theorem for Neumann eigenval-
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Appendix

A Python Code

Below is the code I wrote in Python to produce the rearrangement diagrams, Figure 7.

1 from matplotlib import pyplot as plt

2 import numpy as np

3

4 n = 1000 #Number of data points in domain

5 x = np.linspace(-4, 4, n) #Data points in domain

6

7 def f(x):

8 """ The function we aim to rearrange

9 """

10 return (x**2 + 3*x + 2.5)*(x**2 - 1.5*x +1)*np.exp (-0.5*x**2)

11

12 def levelset(f,t):

13 """ find the level set of f, U_t.

14 """

15 lst = []

16 for x in np.linspace(-4,4,n):

17 if f(x)>t:

18 lst.append(x)

19 return lst

20

21 def maxx(f):

22 """ finds the maximum of a function f over the domain

23 """

24 y = f(x)

25 z = list(y)

26 return max(y)

27

28 def endpoints(f,t):

29 """ find the endpoints of the interval U_t^*

30 """

31 y = levelset(f,t)

32 if y != []:

33 eps = len(y)*8/n #the length of the domain is 8

34 else:

35 eps = 0

36 # if the level set is empty its rearrangement has length zero

37 return eps/2

38

39

40 y = f(x)

41

42 sdrx = [] #negative x-values in the symmetric decreasing rearrangement

43 sdry = [] #the corresponding y-values

44 sdrx2 = [] #positive x-values

45 sdry2 = [] #y-values for positive x-values

46

47 for t in np.linspace(0, maxx(f), 500):

48 sdry.append(t)

49 eps = endpoints(f,t)

50 sdrx.append(-eps)

51 sdrx2.append(eps)

52

53 #plot the original curve f

54 plt.plot(x,f(x),"r",label = "f(x)")

55 #plot the negative half of its symmetric decreasing rearrangement

56 plt.plot(sdrx ,sdry ,"k")

57 #plot the positive half

58 plt.plot(sdrx2 ,sdry ,"k", label = "f*(x)")

59

60 t = 2.16 #the height at which we draw the level set

59



61

62 lst = levelset(f,t)

63 plt.scatter(np.array(lst),np.zeros(len(lst))+t,s=1)

64 #plot the original level set

65

66 eps = endpoints(f,t)

67 plt.plot([-eps ,eps],[t,t],"g-") #plot the rearranged level set

68

69

70 plt.legend(loc="upper left")

71 plt.show()

60
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